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Abstract We review the modern view of fluid dynamics as an effective low energy, long wavelength theory of many
body systems at finite temperature. We introduce the concept of a nearly perfect fluid, defined by a ratio η/s of
shear viscosity to entropy density of order ~/kB or less. Nearly perfect fluids exhibit hydrodynamic behavior at all
distances down to the microscopic length scale of the fluid. We summarize arguments that suggest that there is
fundamental limit to fluidity, and we review the current experimental situation of measurements of η/s in strongly
coupled quantum fluids.
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παντα ρει (everything flows)
Heraclitus
The mountains flowed before the Lord.
Prophet Deborah, Judges, 5:5
1 Fluid Dynamics
1.1 Fluid Dynamics as an effective theory
Fluid dynamics is often described as a consequence of applying Newton’s laws to a continuous
deformable medium. However, the ideas underlying fluid dynamics are much more general. Fluid
dynamics describes classical and quantum liquids, gases, and plasmas. It accounts for the low
energy properties of magnetic materials, liquid crystals, crystalline solids, supersolids, and many
other systems. Indeed, fluid dynamics is now understood as an effective theory for the long-
distance, long-time properties of any material [1, 2]. The only requirement for the applicability
of fluid dynamics is that the system relaxes to approximate local thermodynamic equilibrium on
the time scale of the observation. This idea is captured by the two quotations above: In principle
everything behaves as a fluid, but in some systems observing fluid dynamic behavior may require
divine patience [3].
Fluid dynamics is based on the observation that there are two basic time scales associated with
the behavior of a many body system. The first is a microscopic time scale τfluid that characterizes
the rate at which a generic disturbance relaxes. In a typical molecular liquid this rate is governed
by the collision rate between molecules. The second time scale τdiff is associated with the relaxation
of conserved charges1. Because conserved charges cannot relax locally, but rather have to decay
by diffusion or collective motion, this time increases with the length scale λ of the disturbance,
τdiff ∼ λ. Fluid dynamics is based on the separation of scales τfluid ≪ τdiff , and ωfluid = τ−1fluid can
be viewed as the breakdown scale of fluid dynamics as an effective theory.
In a simple non-relativistic fluid the conserved charges are the mass density ρ, the momentum
density ~π, and the energy density E . The momentum density can be used to define the fluid velocity,
~u = ~π/ρ. By Galilean invariance the energy density can then be written as the the sum of the
internal energy density and kinetic energy density, E = E0 + 12ρu2. The conservation laws are2
∂ρ
∂t
= −~∇ · ~π, (1)
∂πi
∂t
= −∇jΠij , (2)
∂E
∂t
= −~∇ · ~ ǫ. (3)
For these equations to close we have to specify constitutive relations for the stress tensor Πij and
the energy current ~ ǫ. Since fluid dynamics is an effective long wavelength theory we expect that
the currents can be systematically expanded in gradients of the hydrodynamic variables ρ, ~u and E0.
In the case of the stress tensor the leading, no-derivative, terms are completely fixed by rotational
symmetry and Galilean invariance. We have
Πij = ρuiuj + Pδij + δΠij , (4)
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where P = P (ρ, E0) is the equation of state and δΠij contains gradient terms. The approximation
δΠij = 0 is known as ideal fluid dynamics. Ideal fluid dynamics is time reversal invariant and the
entropy is conserved. If gradient terms are included then time reversal invariance is broken and the
entropy increases. We will refer to δΠij as the dissipative stresses. At first order in the gradient
expansion δΠij can be written as δΠij = −ησij − ζδij〈σ〉 with
σij = ∇iuj +∇jui − 2
3
δij〈σ〉 , 〈σ〉 = ~∇ · ~u . (5)
This expression contains two transport coefficients, the shear viscosity η and the bulk viscosity ζ.
The energy current is given by ~ ǫ = ~uw + δ~ ǫ, where w = P + E is the enthalpy. At leading order
in the gradient expansion δ ǫi = ujδΠij − κ∇iT , where κ is the thermal conductivity. The second
law of thermodynamics implies that η, ζ and κ must be positive.
We can now establish the expansion parameter that controls the fluid dynamic description. We
first note that the ideal stress tensor contains two terms, which are related to the pressure P and
the inertial stress ρuiuj. The relative importance of these two terms is governed by the Mach
number Ma = v/cs, where c
2
s = (∂P )/(∂ρ)s¯ is the speed of sound and s¯ = s/n is the entropy per
particle. Flows with Ma ∼ 1 are termed compressible, and flows with Ma ≪ 1 incompressible. We
are most interested in expanding systems, which are certainly compressible.
The validity of hydrodynamics requires that dissipative terms are small relative to ideal terms.
We will focus on the role of shear viscosity, because it is the dominant source of dissipation in
the systems considered here, and because both ζ and κ can become zero in physically realizable
limits. In particular, ζ vanishes in a scale invariant fluid like the unitary gas, and κ vanishes in
a relativistic fluid with zero baryon chemical potential like the pure gluon plasma. In the case
Ma ∼ 1 the expansion parameter is
Re−1 =
η∇u
ρu2
=
η
ρuL
, (6)
where Re is the Reynolds number and L is a characteristic length scale of the flow. Before continuing
we briefly comment on incompressible flows. The expansion parameter in this case is Ma2/Re .
Flows with Ma ≪ 1 and Re−1 ≪ 1 are nearly ideal, turbulent flows. The regime Ma2/Re ≪ 1
but Re−1 ∼> 1 is that of very viscous flow. Today interest in very viscous flow is often related to
classical fluids in confined geometries. A typical example is the problem of bacterial swimming [4].
We note that Re−1 can be written as
Re−1 =
η
~n
× ~
muL
, (7)
where both factors are dimensionless. The first factor is solely a property of the fluid, and the second
factor characterizes the flow. For a typical classical flow the second factor is much smaller than one,
and the validity of fluid dynamics places no constraints on η/(~n). For the types of experiments
that are explored in Sects. 2 and 3 the second factor is of order one, and the applicability of fluid
dynamics requires η ∼< ~n. We note that in relativistic flows the inertial term is Πij = sTuiuj ,
and the analogous requirement is η ∼< ~s/kB . We refer to fluids that satisfy this condition as
nearly perfect fluids [5, 6, 7, 8], and show that nearly perfect fluids exhibit hydrodynamic behavior
on remarkably short length and time scales, comparable to microscopic scales such as the inverse
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temperature or the inverse Fermi wave vector. Throughout this review, we use units in which
~ = kB = 1.
The long wavelength expansion can be extended beyond the first order in gradients of the hydro-
dynamic variables3,4. The classical higher order equations are known as Burnett and super-Burnett
equations [9,10]. Explicit forms of second order terms based on kinetic theory were derived by Grad
in the non-relativistic case [11], and by Israel, Stewart and others for relativistic fluids [12]. Histor-
ically, these theories have not been used very frequently. One reason is that the effects are not very
large. In the case of the Navier-Stokes equation dissipative terms can exponentiate and alter the
motion qualitatively, even if at any given time gradient corrections are small. A simple example
is a collective oscillation of a fluid, see Sect. 2.2. Without viscosity the mode cannot decay, but if
dissipation is present the motion is exponentially damped. Typically, second order terms do not
exponentiate, and the gain in accuracy from including higher order terms is frequently offset by
uncertainties in higher order transport coefficients or the need for additional boundary conditions.
The second reason that higher order theories are infrequently used is that the classical equations
at second order are unstable to short-wavelength perturbations. In relativistic fluid dynamics
problems with acausality and instability already appear at the Navier-Stokes level. These difficulties
are not fundamental: Fluid dynamics is an effective theory, and unstable or acausal modes occur
outside the domain of validity of the theory. It is nevertheless desirable to construct schemes
that have second or higher order accuracy and satisfy causality and stability requirements. A
possible solution is to promote the dissipative currents to hydrodynamic variables and postulate a
set of relaxation equations for these quantities. Consider the dissipative stress tensor and define
πij = δΠij . The relaxation equation for πij is
τRπ˙ij = −πij − ησij + . . . , (8)
where . . . contains second order terms such as (∇ · u)σij and σikσkj. To second order accuracy this
equation is equivalent to δΠij = −ησij+ τRησ˙ij + . . ., which is part of the standard Burnett theory.
Physically, equ. (8) describes the relaxation of the dissipative stresses to the Navier-Stokes form.
The resulting equations are stable and causal, and the sensitivity to higher order gradients can be
checked by varying second order coefficients like τR [13].
Equ. (8) was first proposed by Maxwell as a model for very viscous fluids [14]. Cattaneo observed
that relaxation equations can be used to restore causality and studied a relaxation model in the
context of Fourier’s law δ~ ǫ = −κ~∇T [15, 16]. Relaxation equations were derived from kinetic
theory by Mu¨ller [17], Israel and Stewart [18], and others. To achieve the expected scaling of
second order terms with Re−2 it is is important to include a full set of second order terms that
respect the symmetries of the theory. This problem was addressed for relativistic scale invariant
fluids by Baier et al. [19], and in the non-relativistic case by Chao et al. [20].
It is well know that the low energy expansion in effective field theories5 is not a simple power
series in the expansion parameter ω/Λ. Quantum fluctuations lead to non-analytic terms. In
the case of fluid dynamics Λ = ωfluid and non-analyticities arise due to thermal fluctuations of
the hydrodynamic variables. As a consequence the dissipative currents δΠij and δ~
ǫ contain not
only gradient terms but also stochastic contributions. The magnitude of the stochastic terms is
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determined by fluctuation-dissipation theorems. We have
〈
Πij(t, ~x)Πkl(t
′, ~x′)
〉
= 2ηT
(
δikδjl + δilδjk − 2
3
δijδkl
)
δ(t− t′)δ(~x − ~x′) , (9)〈
ǫi(t, ~x)
ǫ
j(t
′, ~x′)
〉
= 2κT 2δijδ(t− t′)δ(~x − ~x′) , (10)
where 〈.〉 denotes a thermal average and we have neglected bulk viscosity. A calculation of the
response function in stochastic fluid dynamics shows that the hydrodynamic expansion contains
non-analyticities that are smaller than the Navier-Stokes term, but larger than second order terms
[21,22]. This implies that, strictly speaking, the second order theory is only consistent if stochastic
terms are included. Some studies of fluctuating fluid dynamics have been performed [23], but in
particle and nuclear physics this problem has only recently attracted interest [24].
1.2 Microscopic models of fluids: Kinetic Theory
Within fluid dynamics the equation of state and the transport coefficients are parameters that
have to be extracted from experiment. If a more microscopic description of the fluid is available
then we can compute these parameters in terms of more fundamental quantities. The simplest
microscopic description of a fluid is kinetic theory. Kinetic theory is itself an effective theory that
describes the long distance behavior of an underlying classical or quantum many-body system. It
is applicable whenever there is a range of energies and momenta in which the excitations of the
fluid are long-lived quasi-particles. Kinetic theory can be used to relate properties of these quasi-
particles, their masses, lifetimes, and scattering cross sections, to the equation of state and the
transport coefficients. Kinetic theory can also be used to extend the description of collective effects
such as sound or macroscopic flow into the regime where fluid dynamics breaks down.
The basic object in kinetic theory is the quasi-particle distribution function fp(~x, t). Hydrody-
namic variables can be written as integrals of fp over dΓ = d
3p/(2π)3. For example, the off-diagonal
component of the stress tensor is given by
Πij (~x, t) =
∫
dΓp pivjfp (~x, t) , (i 6= j) , (11)
where ~v = ~∇pEp is the quasi-particle velocity. Similar expressions exist for other conserved
currents6. The equation of motion for fp(~x, t) is the Boltzmann equation(
∂
∂t
+ ~v · ~∇x + ~F · ~∇p
)
fp (~x, t) = C[fp] , (12)
where ~F = −~∇xEp is the force and C[fp] is the collision term. By taking moments of the Boltzmann
equation we can derive the conservation laws (1-3). In order to extract the constitutive relations
we have to assume that the distribution function is close the equilibrium distribution fp(~x, t) =
f0p (~x, t) + δfp(~x, t), and that gradients of fp(~x, t) are small. The equilibrium distribution can be
expressed in terms of the conserved charges or, more conveniently, in terms of the corresponding
intensive quantities µ, T and ~u. We find
f0p (~x, t) =
1
exp [β (Ep − ~u · ~p− µ)]± 1 , (13)
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where β = 1/T , the ± sign corresponds to fermions and bosons, respectively, and β, µ, ~u are
functions of ~x and t.
To identify the expansion parameter we have to understand the scales involved in the collision
term. If δfp ≪ f0p we can use C[f0p ] = 0 to linearize the collision term. The linearized collision term
is a hermitean, negative semi-definite, operator that can be expanded in terms of its eigenvalues and
eigenvectors7. We refer to the inverse eigenvalues as collision times. In order to solve the Boltzmann
equation we have to invert the collision term. At long times we can therefore approximate the
collision term by the longest collision time τ0 and write
C[f0p + δfp] ≃ −
δfp
τ0
, (14)
where we have used the fact that at late times δfp is dominated by its projection on the lowest
eigenvector. Equ. (14) is known as the BGK (Bhatnagar-Gross-Krook) or relaxation time approx-
imation [25]. We can define a mean free path by lmfp = τ0v¯ where v¯ = 〈v2〉1/2. The expansion
parameter for the gradient expansion is given by the Knudsen number
Kn =
lmfp
L
(15)
where L ∼ ∇−1 as in equ. (6). The systematic determination of the constitutive equation via an
expansion in Kn is called the Chapman-Enskog expansion [26]. We find, for example,
η =
1
3
nlmfp p¯ , (16)
and τR = τ0 = η/P [26,20]. In order to estimate the Reynolds number we can use Ma = u/cs ∼ 1.
In kinetic theory we find c2s =
5
9〈v2〉 and Kn ∼ Re−1. The Knudsen expansion is equivalent to the
Reynolds number expansion in fluid dynamics8.
Fluid dynamics corresponds to the long time behavior of kinetic theory. It is also interesting to
examine the short time behavior. Consider the response of the fluid to an external shear strain hxy
with frequency ω and wave number k. The solution of the Boltzmann equation is of the form
δfp(ω, k) =
1
2T
−iωpxvy
−iω + i~v · ~k + τ−10
f0p hxy . (17)
This result can be used to compute the spectral function of correlators of conserved currents. For
k = 0 the term (−iω + τ−10 ) in the denominator of equ. (17) leads to a Lorentzian shape of the
spectral function, which is a signature of the presence of quasi-particles. The spectral function
also provides information about the breakdown of kinetic theory for large ω and k. There is no
intrinsic scale in the Boltzmann equation other than the collision time τ0 which sets the scale for
the hydrodynamic expansion. The high energy scale is set by matching the Boltzmann equation to
the equation of motion for a non-equilibrium Green function in quantum field theory [27]. Instead
of matching these equations explicitly, we can compare the kinetic spectral functions in equ. (17) to
the spectral functions in quantum field theory, see Sect. 2.1. The result shows that the breakdown
scale is ωmicro ∼ T . This scale should be compared to the hydrodynamic scale ωfluid ∼ τ−10 ∼ P/η.
For a typical fluid these scales are well separated, but for a nearly perfect fluid the two scales are
comparable. At least parametrically, in a nearly perfect fluid there is no room for kinetic theory,
that means there is no regime in which kinetic theory is more accurate than fluid dynamics.
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The collision term is determined by the quasi-particle cross section σ, and a rough estimate of
the mean free path is given by lmfp = 1/(nσ). Using equ. (16) we find η ∼ p¯/σ. This result has
two interesting consequences:
1. The viscosity of a dilute gas is independent of its density. The physical reason for this behavior
is that viscosity is determined by the rate of momentum diffusion. The number of particles
is proportional to n, but the mean free path scales as 1/n. As a result, the diffusion rate is
constant. Maxwell was so surprised by this result that he tested it by measuring the damping
rate of a torsion pendulum in a sealed container as a function of the air pressure [28, 29].
He confirmed that η is not a function of P at fixed T . Of course, if the air is very dilute
then lmfp > L and the hydrodynamic description breaks down. In this limit, known as the
Knudsen regime, damping is proportional to pressure.
2. The result η ∼ 1/σ also implies that viscosity of a weakly coupled gas is very large. This
is counter-intuitive because we think of viscosity as friction between fluid layers. Consider a
fluid sheared between two parallel plates in the xz plane. The force per unit area is
F
A
= η∇yux . (18)
We naively expect this force to grow with the strength of the interaction. Our intuition is
shaped by very viscous fluids, for which viscosity is indeed determined by force chains and
solid friction. This expectation is not entirely inappropriate, because the word viscosity is
derived from the Latin word for mistletoe, viscum album.
1.3 Matching and Kubo relations
In the case of kinetic theory we can derive the equations of fluid dynamics from the underlying
microscopic theory. In more complicated cases, for example if the short distance description is a
strongly coupled field theory, this may not be possible. In that case we can rely on the fact that
fluid dynamics is a general long distance effective theory, and compute the transport coefficients
based on the idea of matching. Matching expresses the requirement that in the regime of validity
of the effective theory, correlation functions must agree with correlators in the microscopic theory.
Consider the retarded correlation function of the stress tensor
GxyxyR (ω,k) = −i
∫
dt
∫
d3x eiωt−i
~k·~xΘ(t)〈[Πxy(t, ~x),Πxy(0, 0)]〉 . (19)
In linear response theory this function controls the stress induced by an external strain. In fluid
dynamics Πxy ≃ ρuxuy and we can compute the correlation function from linearized hydrodynamics
and fluctuation relations. We find9
GxyxyR (ω, k) = P − iηω + τRηω2 −
κR
2
k2 +O(ω3, ωk2) , (20)
where τR is the relaxation time defined in equ. (8) and κR is another second order transport
coefficient [22]. Equ. (20) implies the Kubo relation
η = − lim
ω→0
lim
k→0
d
dω
ImGxyxyR (ω,
~k) . (21)
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This equation can be applied to field theory, on the basis of equ. (19) and the microscopic definition
of the stress tensor. This method is used to compute transport coefficients on the lattice, in both
relativistic and non-relativistic field theories [30,31,32,33,34,35]. The difficulty with using Kubo’s
formula is that imaginary time Monte Carlo simulations do not provide direct access to correla-
tion functions for real frequencies. Measuring the shear viscosity requires analytic continuation of
imaginary time data, which leads to uncertainties that are difficult to quantify. We note that some
transport coefficients, like the parameter κR in equ. (20) can be measured directly from imaginary
time data.
Equation (20) confirms that the expansion parameter of the hydrodynamic expansion is ω/ωfluid
with ωfluid ≃ P/η ≃ τ−1R . Note that fluctuations introduce non-analytic10 terms at order ω3/2
[21, 22]. This is a breakdown of the gradient expansion, but not a breakdown of hydrodynamics.
For example, at second order in the low energy expansion the ω3/2 term is completely determined
by η and P , and the relaxation time τR can be extracted by matching GR(ω) to the low energy
expansion in fluid dynamics.
1.4 Microscopic models of fluids: Holography
Kinetic theory provides explicit theoretical realizations of weakly coupled fluids. Holographic du-
alities and the AdS/CFT correspondence have led to controlled realizations of strongly coupled
fluids. The basic idea originated from the study of black holes. It had been known for some time
that black holes have entropy, and that the process of a perturbed black hole settling down to a
stationary configuration bears some resemblance to dissipative relaxation in fluids. Indeed, it was
shown that one can assign a shear viscosity and electric conductivity to the “stretched horizon”,
an imaginary surface that hovers just above the event horizon [36].
These ideas were made precise in the context of the AdS/CFT correspondence [37], see the
reviews [38,39,40,41]. In the simplest case one considers a Schwarzschild black hole embedded in five
dimensional Anti-de-Sitter (AdS5) space. The full spacetime has additional compact dimensions,
which are required by string theory but play no role in our discussion. Black holes in AdS5 do
not evaporate and the black hole is in thermal equilibrium. This means that the rate of Hawking
radiation balances the amount of energy falling back into the black hole. Based on its causal
structure we can view AdS5 as having a “boundary”which is four-dimensional Minkowski space.
Matter on the boundary is in thermal equilibrium with the black hole spacetime.
The AdS/CFT correspondence asserts that the boundary is described by an ordinary quantum
field theory, and that the correlation functions of this field theory have a dual description in terms
of boundary correlation functions of a gravitational theory in the bulk. The correspondence is
simplest if the boundary theory is strongly coupled and contains a large number N of degrees of
freedom. In this case the bulk theory is simply classical Einstein gravity. The partition function of
the boundary quantum field theory (QFT) is
ZQFT [Ji] = exp (−S [φi|∂M = Ji]) , (22)
where Ji is a set of sources in the field theory, S is the gravitational action, φi is a dual set of
fields in the gravitational theory, and ∂M is the boundary of AdS5. The fields φi satisfy classical
equations of motions subject to boundary conditions on ∂M .
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The original construction involves a black hole in AdS5 and is dual to a relativistic fluid governed
by a generalization of QCD known as N = 4 super Yang-Mills theory. This theory is considered in
the limit of a large number of colors Nc. The gravitational theory is Einstein gravity with additional
matter fields that are not relevant here. The AdS5 black hole metric is
ds2 =
(πTR)2
u
(−f(u)dt2 + d~x2)+ R2
4u2f(u)
du2 , (23)
where ~x, t are Minkowski space coordinates, and u is a “radial” coordinate where u = 1 is the
location of the black hole horizon and u = 0 is the boundary. T is the temperature, R is the AdS
radius, and f(u) = 1 − u2. In the boundary theory the metric couples to the stress tensor Πµν .
Correlation functions of the stress tensor can be found by linearizing the bulk action around the
AdS5 solution, gAB = g
0
AB + δgAB , where A,B = 1, . . . , 5. Small oscillations of the off-diagonal
strain δgyx are particularly simple. We consider harmonic dependence on the Minkowski coordinates
δgyx = φk(u)e
ikx−iωt. Fluctuations are governed by the wave equation
φ′′k(u)−
1 + u2
uf(u)
φ′k(u) +
ω2 − k2f(u)
(2πT )2uf(u)2
φk(u) = 0 . (24)
This differential equation has two linearly independent solutions. The retarded correlation function
corresponds to picking a solution that is purely infalling at the horizon [38]. For small (or very
large) ω, k this solution can be found analytically [42, 43]. GR(ω, k) is computed by inserting the
solution into the Einstein-Hilbert action, and then computing the variation with respect to the
boundary value of δgyx. The result11 is of the form given in equ. (20) with [44,19]
P =
sT
4
, η =
s
4π
, τR =
2− log(2)
2πT
. (25)
Note that in the case of a relativistic fluid η is naturally expressed in units of the entropy density
s, not the density n. This is because a relativistic fluid need not have a conserved particle number.
As a rough comparison we can use the fact that for a weakly interacting relativistic gas s/n = 3.6.
We observe that the AdS/CFT correspondence describes a very good fluid. In particular, η/s < 1
and τR ∼ T−1. This is a remarkable result because the AdS/CFT correspondence has provided the
first reliable theoretical description of a nearly perfect fluid.
There are many aspects of the strongly coupled fluid that can be studied using AdS/CFT:
1. The spectral function12 η(ω) = − 1ω ImGR(ω) does not show evidence for quasi-particles [43,
45]. Instead of a Lorentzian of width 1/τR one finds a smooth function that interpolates
between the hydrodynamic limit η(0) = η and the high frequency limit η(ω) ∼ ω3. Because
of non-renormalization theorems, the ω →∞ limit is given by the correlation function in free
field theory.
2. The relaxation time can written as τR = c η/P with c = (2 − log(2))/2 ≃ 0.65. This value
can be compared to the Israel-Stewart result τR = 1.5 η/P . We observe that the relaxation
time is very short, but in units of η/P it is only a factor of 2.3 smaller than kinetic theory
would predict. The AdS/CFT correspondence has also been used to compute other second
order transport coefficients [19].
3. The validity of the hydrodynamic expansion is controlled by the location of the poles of
GR(ω) in the complex ω plane. The hydrodynamic pole of the shear correlator is located
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at ω ≃ iDηk2, where Dη = η/(sT ) is the momentum diffusion constant. Non-hydrodynamic
poles correspond to so-called quasi-normal modes of the linearized Einstein equations. These
quasi-normal modes come in complex conjugate pairs and are located at a minimum distance
of order T from the real axis [46]. This observation confirms that the expansion parameter
in a nearly perfect fluid is ω/T .
4. Using the AdS/CFT correspondence one can study the approach to equilibrium in great
detail. For initial conditions that lead to Bjorken flows the approach to hydrodynamics is very
rapid. After the quasi-normal modes are damped, on time scales on the order of (τT ) ∼< 1,
the Navier-Stokes description is very accurate, even though non-equilibrium contributions
to the pressure can be large [47, 48]. This phenomenon is sometimes referred to as rapid
“hydrodynamization”.
5. Heller et al. studied the large order behavior of the hydrodynamic expansion for a Bjorken-like
flow. They found that the gradient expansion is an asymptotic series, and that the radius of
convergence is zero [49]. The coefficients of high order terms, and the leading singularity in the
Borel plane, are governed by the lowest quasi-normal mode. We note that this phenomenon
is unrelated to the non-analytic terms in the expansion mentioned above. The calculation
is performed in the large Nc limit of the field theory, so non-analytic terms in the gradient
expansion are suppressed [50]. Heller et al. speculate that the large order behavior is analogous
to the factorial divergence of large orders of perturbation theory in quantum field theory.
Finally, we note that one can directly derive the equation of fluid dynamics by promoting the
parameters that label the near horizon metric to hydrodynamic variables [51]. Solving the resulting
Einstein equations order-by-order in gradients provides an alternative derivation of the second
order transport coefficients discussed above. This method provides a general connection between
solutions of the Einstein equation and the Navier-Stokes equation, referred to as the fluid-gravity
correspondence [52].
1.5 Viscosity bounds
The AdS/CFT correspondence provides an explicit, albeit somewhat theoretical, example of a
nearly perfect fluid, leading to two questions: Can nearly perfect fluids be realized in the laboratory,
and is there a fundamental limit to fluidity? We address the first question in Sects. 2 and 3 below.
There are several arguments that the answer to the second question is affirmative. We summarize
these arguments here:
Uncertainty relation [5]: Kinetic theory predicts that η = 13nlmpf p¯, and that low viscosity cor-
responds to a short mean free path. However, the uncertainty relation suggests that the product
of the mean free path and the mean momentum cannot become arbitrarily small. Using lmpf p¯ ∼> 1
implies η/n ∼> 1/3. This argument was originally presented in the context of relativistic fluids. In
these systems the inverse Reynolds number is given by η/(sτT ). Using the entropy per particle of
a weakly interacting relativistic Bose gas, s/n = 3.6, we get η/s ∼> 0.09.
There are several issues with this argument. First, it is based on the application of kinetic theory
in a regime where there are no well-defined quasi-particles and the theory is not applicable. Second,
there is no obvious reason that the entropy per particle cannot be much larger than the free-gas
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value13 [53]. Finally, a bound on transport coefficients related to the uncertainty relation was first
proposed by Mott in connection with electric conductivity [54]. A minimal conductivity implies
that the metal-insulator transition must be continuous. However, this prediction is known to be
false. Continuous metal-insulator transitions have been observed [55], and the physical mechanism
of these transitions can be understood in terms of Anderson localization.
Holographic dualities [6]: The value η/s = 1/(4π) is obtained in the strong coupling limit of
a large class of holographic theories. These theories are characterized by the fact that the dual
gravitational description involves the Einstein-Hilbert action [56,38,57]. Kovtun, Son, and Starinets
(KSS) conjectured that the strong coupling result is an absolute lower bound for the ratio η/s in
all fluids,
η
s
≥ 1
4π
(26)
This idea is a significant step forward compared to the argument based on the uncertainty relation.
The value 1/(4π) is the result of a reliable calculation. Holographic dualities explain why the rele-
vant quantity is η/s, and they account for the difference between momentum and charge diffusion.
The diffusion constant goes to zero in the strong coupling limit [58, 59, 60], whereas the ratio η/s
remains finite.
However, holographic theories exist that provide counterexamples to the KSS conjecture [61,62].
Finite coupling corrections increase the ratio η/s, but there are cases in which calculable finite Nc
corrections lower η/s. In terms of the dual description these theories correspond to gravitational
theories that contain a certain higher derivative correction to the Einstein-Hilbert action known
as the Gauss-Bonnet term [63]. Although this result rules out the KSS conjecture, there are
compelling arguments for a weaker version of the viscosity bound. Given that the violation of the
KSS bound can be related to the Gauss-Bonnet term one has to study constraints on the Gauss-
Bonnet coefficient λGB . It was found that large values of λGB lead to violations of causality. For
the class of theories that are known to violate the KSS bound causality implies the slightly weaker
bound η/s ≥ 1625 14π [64]. It seems likely that this is not the final word from holographic dualities.
Generalizations of Gauss-Bonnet gravity, so-called Lovelock theories, have been studied [65], and
lower values of η/s may be possible.
Fluctuations [21,22]: Shear viscosity is related to momentum diffusion, and η/s = 0 would imply
that mean free path for momentum transport is zero. However, in fluid dynamics momentum can
also be carried by collective modes such as sound and shear waves. Indeed, if the viscosity is small
this process becomes more efficient because the damping rate of sound and shear modes is small.
This observation suggests that the physical viscosity of the fluid cannot be zero.
This argument can be made more precise using the low energy expansion of hydrodynamic
correlation functions. Fluctuations not only contribute to non-analytic terms in GR(ω), but they
also correct the polynomial terms that determine the transport coefficients. The retarded shear
stress correlator in a relativistic fluid is of the form GR(ω) = P + δP + iω(η + δη) + . . . where δP
is a correction to the pressure and
η + δη = η +
17
120π2
ΛKDηs
2T 3
η2
. (27)
is the physical viscosity. Here, ΛK is the breakdown momentum of the hydrodynamic description
and Dη = η/(sT ) is the momentum diffusion constant. The gradient expansion requires ΛKDη ∼< 1.
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We observe that δη ∼ 1/η2, so the physical viscosity cannot become arbitrarily small. The bound
for η/s depends on the equation of state. For a quark gluon plasma η/s ∼> 0.1 [21], and in a
non-relativistic Fermi gas η/s ∼> 0.2 [22].
The bound is interesting, because it sheds some light on what is special about shear viscosity.
The stress tensor is quadratic in the fluid velocity and has a leading order, non-linear coupling to
shear waves. Other currents do not have non-linear mode couplings at leading order. The bound is
not universal, but it is complementary to the holographic bounds in the sense that it only operates
at finite N , whereas the holographic bounds are rigorous at infinite N .
It is difficult to summarize the situation regarding the proposed viscosity bounds. There is
strong evidence that viscosity is different from other transport coefficients. We can find systems for
which bulk viscosity, conductivity, or diffusion constants vanish, but there are physical effects, the
universality of the graviton coupling in holographic theories, and the universality of the stress tensor
in stochastic fluid dynamics, that make it difficult to find scenarios in which the shear viscosity
vanishes. The precise value of the bound is not known, but empirically the value η/s = 1/(4π)
found in simple holographic theories is a good approximation for the viscosity of the best quantum
fluids that can be studied in the laboratory as discussed further below.
2 Non-relativistic Fluids
2.1 The unitary Fermi gas
In the following two sections we describe theoretical and experimental results regarding the trans-
port properties of the two best fluids that have been studied in the laboratory [7]. These two fluids
are ultracold atomic Fermi gases magnetically tuned to a Feshbach resonance, and the quark gluon
plasma produced in relativistic heavy ion collisions at the relativistic heavy ion collider (RHIC) in
Brookhaven, New York, and the large hadron collider (LHC) at CERN in Geneva, Switzerland.
Ultracold Fermi gases are composed of atoms with half-integer total spin. Experiments focus on
alkali atoms such as 6Li. These atoms can be confined in all-optical or magneto-optical traps. We
concentrate on systems in which two hyperfine states are macroscopically occupied. Because the
density and temperature are very low details of the atomic interaction and the atomic structure are
not resolved, and the two hyperfine states can be described as the two components of a point-like
non-relativistic spin 1/2 fermion. The fermions are governed by the effective Lagrangian
L = ψ†
(
i∂0 +
~∇2
2m
)
ψ − C0
2
(
ψ†ψ
)2
. (28)
The coupling constants C0 is related to the s-wave scattering length a. At low temperature and
density neither higher partial waves nor range corrections are important. The two-body s-wave
scattering matrix is
M = 4π
m
1
1/a+ iq
, (29)
where q is the relative momentum. The precise relation between C0 and a depends on the regu-
larization scheme. In dimensional regularization C0 = 4πa/m. In the limit of weak coupling this
result follows from the Born approximation.
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Of particular interest is the “unitarity” limit a→∞. In this limit the system has no dimensionful
parameters and the theory is scale invariant [66]. The scattering amplitude behaves as 1/(iq), which
saturates the s-wave unitarity bound. The two-body wave function scales as 1/r and the many
body system is strongly correlated even if the density is low. Experimentally, the unitarity limit
can be studied using magnetically tuned Feshbach resonances [67,68].
We note that even at unitarity the dilute Fermi gas has well-defined quasi-particles if the temper-
ature is large. The average scattering amplitude scales as σ ∼ 〈q−2〉 ∼ λ2dB , where λdB ∼ (mT )−1/2
is the thermal wave length. In the high temperature limit the average cross section is small, and the
collisional width of a fermion quasi-particle is Γ ∼ zT [69], where z = (nλ3)/2≪ 1 is the fugacity.
In this regime the shear viscosity can be computed using kinetic theory14. The result is [70, 71]
η =
15
32
√
π
(mT )3/2. (30)
As expected, the viscosity is independent of density and increases with temperature. The ratio η/n
scales as 1/z and is parametrically large. We also find η/s ∼ 1/(z log(1/z)).
In the regime z ∼> 1 the unitary gas is strongly coupled. At z ∼ 12 the system undergoes a
phase transition to a superfluid [72]. In the superfluid phase the U(1) symmetry of the effective
Lagrangian equ. (28) is spontaneously broken, and at low temperature there is a well defined
bosonic quasi-particle related to the U(1) Goldstone mode. Momentum diffusion due to Goldstone
modes can be studied using kinetic theory, and we find η ∼ T−5 [73]. Combined with equ. (30) this
result indicates that the viscosity has a minimum in the vicinity of the critical temperature. In this
regime there are no reliable calculations of transport properties, but T-matrix calculations suggest
that η/n reaches a value of about 0.5 [74]. We note that at Tc the entropy per particle is very close
to one. Lower values of the shear viscosity, η/s ≃ 0.2, have been found in quantum Monte Carlo
calculations [35].
In kinetic theory the viscosity spectral function has a Lorentzian line shape with width τ−1R = P/η
[75]. In the strongly coupled regime the shape of the spectral function is not known, but one can
determine the asymptotic behavior15 for ω →∞ as well as the frequency sum rule. The sum rule
is given by [76,74]
2
π
∫
dω
[
η(ω) − C
15π
√
mω
]
=
2
3
E , (31)
where C is a short distance coefficient known as the contact density, which measures the strength
of short range correlations [77], and the subtraction term inside the integral corresponds to the
high frequency tail of the spectral function [78]. In the high temperature limit C = 4πn2λ2dB , and
one can check that the high frequency tail smoothly matches kinetic theory for ω ∼ T . We can
now identify the relevant scales that limit the fluid dynamic and kinetic descriptions, ωfluid ∼ zT
and ωmicro ∼ T . For z ≪ 1 we find the expected hierarchy of scales, but in the strongly correlated
regime both scales are comparable, and new theoretical methods are needed16.
2.2 Flow and viscosity
Fluid dynamics can be observed in experiments that involve releasing the gas from a deformed trap.
In typical experiments the trap corresponds to a harmonic confinement potential V = 12m(ω
2
⊥x
2
⊥+
ω2zz
2) with an aspect ratio ω⊥/ωz ∼ (20− 30). In hydrostatic equilibrium pressure gradients along
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Figure 1: Expansion of a dilute Fermi gas at unitarity [79]. The cloud contains N ≃ 1.5 · 105 6Li
atoms at a temperature T ≃ 8µK. The figure shows a series of false color absorption images taken
between t = (0.1−2.0) ms. The scale of the images is the same. The axial size of the cloud remains
nearly constant as the transverse size is increasing.
the transverse direction are much larger than pressure gradients along the longitudinal direction.
Hydrodynamic evolution after the gas is released converts this difference into different expansion
velocities, and during the late stages of the evolution the cloud is elongated along the transverse
direction, see Fig. 1. The observation of this effect led to the discovery of nearly perfect fluidity
in ultracold gases [79]. Shear viscosity counteracts the differential acceleration and leads to a less
deformed final state. The shear viscosity can be measured by studying the time evolution of the
cloud radii [80, 81].
An alternative approach is based on recapturing the gas after release from the trap, which excites
a transverse breathing mode. Hydrodynamic behavior can be verified by measuring the frequency
of the collective mode. In an ideal fluid ω =
√
10/3ω⊥, whereas in a weakly collisional gas ω = 2ω⊥
[82,83]. The transition from ballistic behavior in the weak coupling limit to hydrodynamic behavior
in the unitary gas has been observed experimentally [84,85]. In the hydrodynamic regime damping
of collective modes is governed by dissipative terms. The rate of energy dissipation is
E˙ = −
∫
d3x
{
1
2
η(x) (σij)
2 + ζ(x) 〈σ〉2 + κ(x)
T
(~∇T )2
}
. (32)
At unitarity the system is scale invariant and the bulk viscosity is predicted to vanish [86, 66].
This prediction was experimentally verified in [87]. Thermal conductivity does not contribute to
damping because the gas is isothermal. As a consequence the damping rate is a measure of shear
viscosity.
Both the expansion and the collective mode experiments involve approximate scaling flows17.
The motion is analogous to the Hubble flow in cosmology, and to the Bjorken expansion of a
quark gluon plasma (QGP). Consider the Euler equation for the acceleration of an ideal fluid,
~˙u ≃ −~∇P/ρ = −~∇µ/m, where we have used the Gibbs-Duhem relation dP = ndµ. Because the
external potential is harmonic, the chemical potential is harmonic, too. As a consequence the
velocity field is linear, and the cloud expands in a self-similar fashion. Because the fluid velocity is
linear the shear stress σij is spatially constant and the rate of dissipation is sensitive to the spatial
integral of η(x)
〈η〉 =
∫
d3x η(x) . (33)
Using measurements of the trap integrated entropy we can extract the ratio 〈η〉/〈s〉. This analysis
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Figure 2: Measurements of η/s in the dilute Fermi gas at unitarity by use of collective modes (blue
circles) and elliptic flow (red squares), from [81]. The data are shown as a function of the total
energy of the clouds in units of EF , the energy of a zero temperature Fermi gas with the same
number of particles. At high temperature E/EF is proportional to temperature. Note that η/s in
the plot refers to a ratio of trap integrated quantities, 〈η〉/〈s〉.
was originally performed in [88,89]. A more recent analysis that combines collective mode data at
low T with expansion data at high T is shown in Fig. 2 [81]. The high temperature data matches
expectations from kinetic theory18. The viscosity drops with T and the ratio of trap averages
reaches 〈η〉/〈s〉 ∼< 0.4.
It is clearly desirable to unfold these measurements and determine local values of η/s. The main
difficulty is a reliable treatment of the low density corona. In this regime η is independent of
density and the integral in equ. (33) is ill defined, signaling the breakdown of fluid dynamics in the
dilute region. The problem also appears if one applies the Navier-Stokes equation to an expanding
gas cloud. In the dilute regime η is not a function of density and the viscous stresses ησij are
independent of position, implying that although ideal stresses propagate with the speed of sound,
viscous stresses propagate with infinite speed. As discussed in Sect. 1.1 this problem can be solved
by including a finite relaxation time [90,80]. In the low density regime the viscous relaxation time
τR ≃ η/(nT ) is large. Because the dissipative stresses are zero initially, taking a finite relaxation
time into account suppresses the contribution of the corona19. A schematic version of this idea was
used in Cao et al. [81], but a more systematic treatment is needed.
3 Relativistic Fluids
3.1 The quark gluon plasma
The QGP is a hot and dense systems of quarks and gluons governed by the QCD Lagrangian
L = −1
4
GaµνG
a
µν +
∑
f
q¯f (iγ
µDµ −mf )qf , (34)
Fluid Dynamics and Viscosity 17
where Gaµν = ∂µA
a
ν−∂νAaµ+gfabcAbµAcν is the QCD field strength tensor, g is the coupling constant
and fabc are the SU(3) structure constants. The covariant derivative acting on the quark fields is
iDµq = (i∂µ + gA
a
µ
λa
2 )q and mf is the quark mass. At the temperature scale probed in RHIC or
LHC experiments the three light flavors, up, down, and strange, are thermally populated, whereas
the heavy flavors, mainly charm and bottom, are produced in hard collisions and can serve as
probes of the medium.
Asymptotic freedom implies that at very high temperature the QGP can be described in terms
of quark and gluon quasi-particles. A typical gluon has a thermal momentum of order T . Soft
gluons with momenta much lower than T are modified by the interaction with hard particles. As
a consequence, electric gluons acquire a Debye screening mass mD ∼ gT . In perturbation theory
there is no static screening of magnetic fields, but magnetic gluons are dynamically screened for
momenta greater than (m2Dω)
1/3, where ω is the frequency. The static magnetic sector of QCD
is non-perturbative even if the temperature is very large. Confinement in three-dimensional pure
gauge theory generates a mass scale of order g2T . This mass scale determines the magnetic screening
scale in the QGP, mM ∼ g2T .
Perturbation theory in the quark gluon plasma is based on the separation of scales mM ≪ mD ≪
T . Strict perturbation theory in g works only for very low values of the coupling constant, g ∼< 1 [91].
However, quasi-particle models that rely on the separation of scales describe the thermodynamics
of the plasma quite well, even for temperatures close to the phase transition to a hadronic gas [92].
The dispersion relation for the bosonic modes in the plasma evolves smoothly from quasi-gluons
with masses m ∼ mD at momenta q ∼> gT to collective oscillations, plasmons, at low q. The energy
of the plasmon in the limit q → 0 is ωP = mD/
√
3, and the plasmon width is Γ ∼ g2T [93]. The
calculation of the collisional width of quasi-particles with momenta of order T is a complicated,
non-perturbative problem, but the width remains parametrically small, Γ ∼ g2 log(1/g)T [94].
Momentum diffusion is controlled by binary scattering between quarks and gluons. The cross
section is proportional to g4, and the IR divergence due to the exchange of massless gluons is reg-
ulated by dynamic screening. As a consequence the shear viscosity scales as η ∼ T 3/(g4 log(1/g)).
A detailed calculation20 in Nf = 3 QCD gives [95,96,97]
η =
kT 3
g4 log(µ∗/mD)
, (35)
where k = 106.67. The scale inside the logarithm is sensitive to bremsstrahlung processes such
as gg → ggg. Arnold et al. found µ∗ = 2.96T [96, 97]. The time scale for momentum diffusion is
η/(sT ) ∼ 1/(g4 log(1/g)T ). This scale is parametrically large, but the precise value is very sensitive
to the coupling constant. In Nf = 3 QCD we get η/s ≃ 9.2/(g4 log(1/g)). Using g ≃ 2, which
corresponds to αs ≃ 0.3, and log(1/g) ∼> 1 we conclude that η/s ∼< 0.6.
At T ≃ 150 MeV the quark gluon plasma undergoes a crossover transition to a hadronic resonance
gas [98, 99]. The resonance gas is strongly coupled, but as the temperature is reduced further the
system evolves to a weakly coupled gas of mostly pions, kaons, and nucleons. The viscosity of a
pion gas is parametrically large, η/s ∼ (fπ/T )4, where fπ ≃ 93 MeV is the pion decay constant
[100]. Similar to the arguments in the case of cold Fermi gases we therefore expect that η/s has a
minimum in the vicinity of Tc. In this regime the only reliable theoretical approach is lattice gauge
theory. As in the case of non-relativistic fermions the calculations are difficult because one has to
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extract the viscosity spectral function from imaginary time data. In the case of pure gauge theory
Meyer finds η/s = 0.102(56) at T = 1.24Tc and η/s = 0.134(33) at T = 1.65Tc [31].
Useful constraints on the spectral function are provided by sum rules. Romatschke and Son
showed that [101]
2
π
∫
dω [η(ω)− ηT=0(ω)] = 2
5
E , (36)
where ηT=0(ω) is the spectral function at zero temperature. The high frequency behavior can be
studied in perturbation theory. We find η(ω) ∼ ω3 at both zero and non-zero temperature. Finite
temperature effect were studied in [102,103]. We note that in non-relativistic theories the tail of the
spectral function is determined by short range correlations, whereas in a relativistic theory the high
frequency behavior is determined by the gg and qq¯ continuum. In kinetic theory the shape of the
spectral function at small frequency is a Lorentzian with a width proportional to 1/η. The lattice
calculation in [31] does not find a quasi-particle peak, but the resolution is insufficient to draw a
final conclusions. A spectral function that is broadly consistent with the existence of quasi-particles
was observed in a study of the electric conductivity of the quark gluon plasma [104].
3.2 Flow, higher moments of flow, and viscosity
Experimental information about transport properties of the quark gluon plasma comes from the
observation of hydrodynamic flow in heavy ion collisions at collider energies [105, 106]. Several
observations support the assumption that heavy ion collisions create a locally thermalized system:
1. The overall abundances of produced particles is described by a simple thermal model that
depends on only two parameters, the temperature T and the baryon chemical potential µ at
freezeout [107,108].
2. For transverse momenta p⊥ ∼< 2 GeV the spectra dN/d3p of produced particles follow a
modified Boltzmann distribution characterized by the freezeout temperature and a collective
radial expansion velocity [109,105]. Radial flow manifests itself in the fact that the spectra of
heavy hadrons, which acquire a larger momentum boost from the collective expansion, have
a larger apparent temperature than the spectra of light hadrons.
3. In non-central collisions the azimuthal distribution of produced particles shows a strong
anisotropy termed elliptic flow [110, 105]. Elliptic flow represents the collective response
of the quark gluon plasma to pressure gradients in the initial state, which in turn are related
to the geometry of the overlap region of the colliding nuclei, see Fig. 3.
Analysis of the azimuthal distribution is the main tool for constraining the shear viscosity of the
plasma. We define harmonics of the particle distribution
p0
dN
d3p
∣∣∣∣
pz=0
= v0(pT )
(
1 + 2v1(pT ) cos(φ−Ψ1) + 2v2(pT ) cos(2φ −Ψ2) + . . .
)
, (37)
where pz is the longitudinal (beam) direction, pT is the transverse momentum, and φ is the angle
relative to the impact parameter direction. The coefficient v2 is known as elliptic flow, and the
higher moments are termed triangular, quadrupolar, etc. flow. The angles Ψi are known as flow
angles. Substantial elliptic flow, reaching about v2(pT =2GeV) ≃ 20% in semi-central collisions,
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Figure 3: Initial energy density in a Au+Au collision at RHIC from the Monte-Carlo KLN model,
see [111,112]. This model include the effects from the collision geometry, fluctuations in the initial
position of the nucleons inside the nucleus, and non-linear gluon field evolution. More sophisticated
versions of the model also include quantum fluctuations of the gluon field.
was discovered in the early RHIC data [113,114] and confirmed at the LHC [115]. More recently, it
was realized that fluctuations in the initial energy density generates substantial higher harmonics,
including odd Fourier moments such as v3 [116], and fluctuations of the flow angles relative to the
impact parameter plane [117].
Viscosity tends to equalize the radial flow velocity and suppress elliptic flow and higher flow
harmonics. An estimate of the relevant scales can be obtained from simple scaling solutions of fluid
dynamics21. The simplest solution of this type was proposed by Bjorken, who considered a purely
longitudinal expansion [118]. Bjorken assumed that the initial entropy density is independent
of rapidity, and that the subsequent evolution is invariant under boosts along the z axis. The
Bjorken solution provides a natural starting point for more detailed numerical and analytical studies
[105, 119]. Bjorken flow is characterized by a flow profile of the form uµ = γ(−1, 0, 0, uz) =
(−t/τ, 0, 0, z/τ), where γ = (1 − u2z)1/2 is the boost factor and τ = (t2 − z2)1/2 is the proper
time. This velocity field solves the relativistic Navier-Stokes equation. Energy conservation then
determines the evolution of the entropy density. We find
− τ
s
ds
dτ
= 1− 4
3
η
sTτ
, (38)
where we have neglected bulk viscosity. In ideal hydrodynamics s ∼ T 3 and T ∼ 1/τ1/3. The
validity of the gradient expansion requires that the viscous correction is small [5]
η
s
≪ 3
4
(Tτ) . (39)
It is usually assumed that in the QGP η/s is approximately constant. For the Bjorken solution
Tτ ∼ τ2/3 increases with time, and equ. (39) is most restrictive during the early stages of the
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Figure 4: Fourier coefficients v2, . . . , v5 of the azimuthal charged particle distribution as a function
of the transverse momentum pT measured in Pb+Pb collisions at the LHC [120] The lines show a
hydrodynamic analysis performed using η/s = 0.2 [121].
evolution. Using an equilibration time τ0 = 1 fm and an initial temperature T0 = 300 MeV gives
η/s ∼< 0.6. We conclude that fluid dynamics can be applied to heavy ion collisions only if the QGP
behaves as a nearly perfect fluid.
At late time the expansion becomes three dimensional and Tτ is independent of time. The fluid
is composed of hadronic resonances that have cross sections that reflect hadronic sizes and are
approximately independent of energy. In that case η ∼ T/σ. Using s ∼ T 3 and T ∼ 1/τ we find
that the dissipative correction η/(sTτ) increases with proper time as τ2. This result shows that
fluid dynamics also breaks down at late times. At RHIC and LHC energies the duration of the fluid
dynamic phase is 5-10 fm/c, depending on collision energy and geometry. We note that in contrast
to the situation in heavy ion collisions there is no freeze-out in the cold atomic gas experiments.
At unitarity the mean cross section increases as the temperature drops, and the fluid parameter
η/(nTτ) is approximately constant during the evolution.
In heavy ion collisions we can observe only the final distribution of hadrons. In principle one
could imagine reconstructing azimuthal harmonics of the stress tensor from the measured particle
distribution, but doing so would require very complete coverage and particle identification, and
it has not been attempted. In any case, hadrons continue to interact after the fluid freezes out,
and some rearrangement of momentum takes place. This means that we need a prescription for
converting hydrodynamic variables to kinetic distribution functions. What is usually done is that
on the freezeout surface the conserved densities in fluid dynamics are matched22 to kinetic theory
[122].
In ideal fluid dynamics the distribution functions are Bose-Einstein or Fermi-Dirac distributions
characterized by the local temperature and fluid velocity. Viscosity modifies the stress tensor, and
via matching to kinetic theory this modification changes the distribution functions fp. The value of
η/s constrains only the pivj moment of the distribution function. The full distribution function can
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be reconstructed only if the collision term is specified. Using the BGK collision term one obtains
a very simple formula for the leading correction δfp
δfp =
1
2T 3
η
s
f0(1± f0)pαpβσαβ , (40)
where the ± sign refers to Bose/Fermi distributions. This result is a reasonable approximation to
more microscopic theories [96]. The shift in the distribution function leads to a modification of the
single particle spectrum. In the case of the Bjorken expansion and at large pT we find
δ(dN)
dN0
=
1
3τfTf
η
s
(
pT
Tf
)2
, (41)
where dN0 is the number of particles produced in ideal fluid dynamics, δ(dN) is the dissipative
correction, and τf is the freezeout time. In a system with strong longitudinal expansion viscous
corrections tend to equalize the momentum flow by pushing particles to higher pT . Because the
single particle distribution enters into the denominator of v2 this effect tends to suppress v2 at
large pT . The effect from the numerator, dissipative corrections due to the cos(2φ) component
of the radial flow, act in the same direction [123]. What is important is that corrections to the
spectrum are controlled by the same parameter η/(sτT ) that governs the derivative expansion in
fluid dynamics23. This reflects the fact that in the regime in which kinetic theory can be matched
to fluid dynamics we have Kn ∼ Re−1.
We obtain several simple predictions that have been confirmed by experiment [124]: Dissipative
corrections increase with pT , they are larger in small systems that freeze out earlier, and they
are larger for higher harmonics that are more sensitive to gradients of the radial flow profile.
Quantitative predictions that provide not only bounds on η/s but also reliable measurements of
transport properties of the plasma require a number of ingredients [125]:
1. An initial state model that incorporates the nuclear geometry and fluctuations in the initial
energy deposition. The simplest possibility is a Monte-Carlo implementation of the Glauber
model [126], but some calculations also include saturation effects, quantum fluctuations of the
initial color field, and pre-equilibrium evolution of the initial field [121]. Alternatively, one
may try to describe the pre-equilibrium stage using kinetic theory [127,128] or the AdS/CFT
correspondence [129]. At the end of the initial stage the stress tensor is matched to fluid
dynamics.
2. Second order dissipative fluid dynamics in 2+1 (boost invariant) or 3+1 dimensions. Calcula-
tions must include checks to ensure insensitivity to poorly constrained second order transport
coefficients24 and a realistic equation of state (EOS). A realistic EOS has to match lattice
QCD results at high temperature, and a hadronic resonance gas below Tc [130]. The reso-
nance gas EOS must allow for chemical non-equilibrium effects below the chemical freezeout
temperature Tchem ≃ Tc.
3. Kinetic freezeout and a kinetic afterburner. At the kinetic freezeout temperature the fluid is
converted to hadronic distribution functions. Ideally, these distribution functions are evolved
further using a hadronic cascade [131, 132], but at a minimum one has to include feed-down
from hadronic resonance decays.
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Initial estimates of η/s from the RHIC data have been obtained in [133,134,135]. A more recent
analysis of LHC data is shown in Fig. 4 [121]. The authors found η/s ≃ 0.2 at the LHC, and
η/s ≃ 0.12 from a similar analysis of RHIC data. Similar results were obtained by other authors.
Song et al. reported an average value of η/s ≃ (0.2−0.24) at the LHC and η/s ≃ 0.16 at RHIC [136].
Luzum and Ollitrault tried to constrain the allowed range of η/s, obtaining 0.07 ≤ η/s ≤ 0.43 at
RHIC [137]. Given the complexity of the analysis, uncertainties are difficult to quantify. A survey
of the main sources of error in the determination of η/s can be found in [138]. Interestingly, the
extracted values of η/s are lower at RHIC than they are at the LHC, as one would expect based on
asymptotic freedom. We emphasize, however, that given the uncertainties it is too early to make
this statement with high confidence.
4 Frontiers
In absolute units the shear viscosity of the ultracold Fermi gas and the quark gluon plasma differ
by more than 25 orders of magnitude [7]. The approximate universality of η/s in strongly coupled
fluids, and the near agreement with the value predicted by the AdS/CFT correspondence in the
strong coupling limit of a large class of field theories is quite remarkable25. Much work remains to
be done in order to determine to what extent this observation can be made precise, and what it
implies about the structure of strongly correlated quantum systems. In this outlook we can only
give a very brief summary of some of these issues.
4.1 Transport coefficients
There is an ongoing effort to map out the full density and temperature dependence of η/s in both
the ultracold gases and the quark gluon plasma, and to determine other transport coefficients,
like the bulk viscosity and diffusion coefficients. There are a number of experimental puzzles
that remain to be addressed26. In the case of heavy ion collisions, nearly ideal flow is even more
pervasive than one would expect. Strong flow is also observed in photons, electrons from heavy
quark decays, and hadrons emitted in high-multiplicity p+Pb collisions at LHC energies, see [139]
for a recent summary and original references. In the case of cold atomic gases we now have very
accurate data for the dependence of 〈η〉 on the total energy of the cloud [140]. These data have not
been unfolded. It was observed that the scaling of 〈η〉 with the total energy is remarkably simple,
〈η〉/〈n〉 ∼ aE + bE3 for all energies above the critical point, but the origin of this scaling behavior
is not understood.
4.2 Quasi-particles
We would like to understand whether nearly perfect fluidity, η/s ∼ 1/(4π), necessarily implies the
absence of quasi-particles, as is the case in the AdS/CFT correspondence. The most direct way to
study this issue is to determine the spectral function. Since the only local probe of the stress tensor
is the graviton, this will likely require numerical studies. We are also interested in pushing weak
coupling descriptions into the regime where the quasi-particle picture breaks down, for example by
using the renormalization group.
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4.3 Viscosity bound
Whether there is a fundamental lower limit for η/s is unknown. Part of the issue may well be that
we need to define more carefully what we mean by a fluid, and that we need to understand how
these defining characteristics are reflected in microscopic theories. We would also like to know what
kinds of theories have holographic duals, and what aspects of the field theory lead to the emergence
of certain universal features, such as a shear viscosity to entropy density ratio that saturates the
holographic bound η/s = 1/(4π).
4.4 Other strongly correlated fluids
In addition to the two fluids discussed in this review several other systems may be of interest. One
interesting class is two dimensional fluids, for example the electron gas in graphene [141], and the
so-called strange metal phase of the high Tc superconductors [142].
4.5 Equilibration at strong and weak coupling
Empirical evidence suggests that equilibration in heavy ion collisions takes place on a very short
time scale, τeq ∼ 1 fm. Rapid equilibration is natural in holographic theories [47], but it is difficult
to make contact with asymptotic freedom and the well-established theory and phenomenology
of parton distribution functions. Understanding equilibration in weak coupling is a complicated
problem that involves many competing scales, and even establishing the parametric dependence of
the equilibration time on αs is difficult, see [143] for a recent overview.
4.6 Anomalous hydrodynamics
Several novel hydrodynamic effects have been discovered in recent years. An example is the chiral
magnetic effect. Topological charge fluctuations in the initial state of a heavy ion collision, combined
with the magnetic field generated by the highly charged ions, can manifest themselves in electric
charge fluctuations in the final state [144]. This effect is now understood as part of a broader
class of anomalous hydrodynamic effects [145]. Anomalous transport coefficients were originally
discovered in the context of holographic dualities in [146], and interpreted using general arguments
based on fluid dynamics in [147].
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Endnotes
1 Fluid dynamics
1.1 Fluid dynamics as an effective theory
1. Hydrodynamic variables: In addition to the conserved charges there are two mores classes of hy-
drodynamics variables, Goldstone modes associated with spontaneously broken global symmetries,
and order parameters near second order phase transitions. The simplest example of a Goldstone
mode is the phase of the order parameter in a superfluid. In the dilute Fermi gas discussed in
Sect. 2 the order parameter is 〈ψψ〉 = ρeiϕ. The low energy effective theory can be expressed
in terms of gradients of ϕ. The corresponding hydrodynamic variable is the superfluid velocity
~us = (~∇ϕ)/m. The hydrodynamic description of he superfluid then involves two velocity fields,
the normal velocity ~un and the superfluid velocity ~us. The momentum density can be written as
~π = ρn~un + ρs~us, where ρ = ρn + ρs is the total mass density of the fluid. The theory of superfluid
(two fluid) hydrodynamics was developed by Landau and Khalatnikov [148]. A new ingredient in
hydrodynamic theories involving broken symmetries is the role of non-trivial commutation relations
between the order parameter and the conserved charges. These commutators are implemented in
fluid dynamics as non-trivial Poisson brackets [149], which constrain the equation for the Goldstone
modes.
In QCD chiral symmetry is broken and in the limit that quarks are massless the pion is a
Goldstone mode. The hydrodynamic theory of pions is described in [150, 151], but the theory is
of somewhat limited value because the mass of the pion, mπ ≃ 135 MeV, is comparable to the
breakdown scale of hydrodynamics.
Near a continuous phase transition fluctuations of the order parameter are large and the magni-
tude of the order parameter also becomes a hydrodynamic variable. Hydrodynamic theories near a
second order phase transition can be classified according to the symmetries of the order parameter,
and possible non-trivial Poisson brackets. The resulting theories are known as model A-J in the
classification of Hohenberg and Halperin [152]. The superfluid transition in the cold Fermi gas is
described by model F, which also governs the lambda point in liquid Helium. A possible tri-critical
point in QCD can be analyzed in terms of model H [153], which also describes the endpoint of the
liquid-gas transition in water.
2. Mass current, momentum density, and relativistic fluids: In equ. (1,2) we have used that the
mass current ~ρ = ρ~u, which appears in the conservation law ∂tρ = −~∇ · ~ρ, is equal to the
momentum density, ~π. This identification follows from very general arguments [154]. It implies
that there are no diffusive terms in the mass current, and provides an important constraint for
quasi-particle theories, see equ. (59).
In relativistic hydrodynamics there need not be a conserved particle number current. In this case
the fluid four velocity uµ is defined in terms of the energy current. In particular, we define uµ to
be the velocity of the frame in which the ideal stress tensor is diagonal. The ideal stress tensor is
Πµν = (E + P )uµuν + Pgµν , (42)
where we use the convention u2 = −1. More formally, we can define uµ through the condition
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uµΠµν = Euν . This relation implies that the energy current in the rest frame does not receive
any dissipative corrections, Π0i = 0. The energy and momentum conservation laws are expressed
through the relation ∇µTµν = 0. We can split this equation into longitudinal and transverse parts
using the projectors
∆||µν = −uµuν , ∆µν = gµν + uµuν . (43)
The longitudinal and transverse projections of ∇µTµν = 0 can be viewed as the equation of energy
(or entropy) conservation and the relativistic Euler equation, respectively. We get
∇µ (suµ) = 0 , Duµ = − 1E + P∇
⊥
µP , (44)
where D = uµ∇µ and ∇⊥µ = ∆µν∇ν .
There are two basic possibilities for defining the fluid velocity in a theory with a conserved particle
current nµ, such as the baryon current in QCD. The first option, called the Landau frame, is to
define the fluid velocity in terms of the energy current. In this case there are dissipative corrections
to the baryon current
nµ = nuµ + δnµ , (45)
where, at leading order in the gradient expansion, δnµ is related to the thermal conductivity [154].
This choice is convenient in the relativistic domain, but the non-relativistic limit is somewhat
subtle. The other option, known as the Eckardt frame, corresponds to defining the fluid velocity
in terms of the particle current. In this case nµ is non-diffusive, and the energy current contains
dissipative corrections, in particular the thermal conductivity.
3. Second order fluid dynamics: The most general form of the stress tensor of a non-relativistic
scale invariant fluid at second order in the gradient expansion was determined in [20]. The result is
δΠij = −ησij + ητR
[
gikσ˙
k
j + u
k∇kσij + 2
3
〈σ〉σij
]
+ λ1σ
k
〈i σj〉k + λ2σ
k
〈i Ωj〉k
+ λ3Ω
k
〈i Ωj〉k + γ1∇〈iT∇j〉T + γ2∇〈iP∇j〉P + γ3∇〈iT∇j〉P
+ γ4∇〈i∇j〉T + γ5∇〈i∇j〉P + κRR〈ij〉 . (46)
Here, O〈ij〉 = 12(Oij +Oji − 23gijOkk) denotes the symmetric traceless part of a tensor Oij , Ωij =
∇iuj−∇jui is the vorticity tensor, and Rij is the Ricci tensor. This term vanishes in flat space, but
it is needed to establish the general form of the response function even in flat space, see equ. (76).
We note that equ. (46) contains 10 second order transport coefficients. This number is larger than
the number of second order coefficients in the Burnett equation [10], despite the fact that we have
imposed conformal symmetry. This is related to the fact that the Burnett equations were derived
from kinetic theory, and that some transport coefficients allowed by the symmetries vanish in this
framework.
For phenomenological applications it is useful to rewrite the second order equations as a relaxation
equation for the viscous stress πij ≡ δΠij . For this purpose we use the first order relation πij =
−ησij and rewrite equ. (46) as
πij = −ησij − τR
[
gikπ˙
k
j + V
k∇kπij + 5
3
〈σ〉πij
]
(47)
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+
λ1
η2
π k〈i πj〉k −
λ2
η
π k〈i Ωj〉k + λ3Ω
k
〈i Ωj〉k + . . . ,
where . . . refers to the terms proportional to γi and κR. Note that this reformulation is not unique,
and that it does not represent a formal improvement over the second order equations. Theories of
this type can be derived in kinetic theory, and they can be used to restore causality and stability
for perturbations of all wavelengths, not just wavelengths longer than the inverse breakdown scale
of the hydrodynamic description.
It is interesting to study the physical meaning of the different terms in equ. (47). We begin
with the term proportional to τR. Consider a non-zero strain σij which arises at time t = 0. For
simplicity assume the local rest frame and vanishing bulk stress 〈σ〉. Then the stress tensor is
πij = −ησij(1 − exp(−t/τR)), which shows that τR is the time scale for dissipative stresses to
relax to the Navier-Stokes value. The relaxation time also ensures that the front of a shear wave
propagates with a finite speed, see equ. (149). In a periodically driven system τR determines the
phase lag between the strain σij and the stress πij. Note that the dissipated energy is proportional
to σijπij, and a non-zero phase lag reduces the amount of energy dissipated by viscous stresses.
The terms proportional to λi describe non-linearities in the stress-strain relation. Consider a
fluid moving in the x direction sheared between two parallel plates in the xz plane. The first order
term πij = −ησij describes Newton’s law of friction, Fx/A = η∇yux. At second order we also
find a normal force, Fy/A = −λ1(∇yux)2. The λ2 term describes the coupling between shear and
vorticity, and the λ3 term implies that in a rotating fluid confined in a cylindrical container there
is a normal force on the walls of the container. We note that this force is not dissipative.
4. Second order relativistic fluid dynamics: In relativistic fluid dynamics we define the shear tensor
σµν using the projection operator ∆µν . We have
σµν = ∆µα∆νβ
(
∇αuβ +∇βuα − 2
3
ηαβ∇ · u
)
. (48)
Note that in rest frame of the fluid this expression reduces to the non-relativistic result. At second
order in the gradient expansion the stress tensor of a scale invariant fluid is [19]
δΠµν = −ησµν + ητR
[
〈Dσµν〉 +
1
3
σµν(∇ · u)
]
(49)
+ λ1σ
〈µ
λσ
ν〉λ + λ2σ
〈µ
λΩ
ν〉λ + λ3Ω
〈µ
λΩ
ν〉λ + κR
[
R〈µν〉 − 2uαuβRα〈µν〉β
]
,
where D = u · ∇ and O〈µν〉 = 12∆µα∆νβ(Oαβ + Oβα − 23∆µν∆αβOαβ) denotes the transverse
traceless part of Oαβ. The relativistic vorticity tensor is Ωµν = 12∆µα∆νβ (∂αuβ − ∂βuα), and
Rµναβ is the Riemann tensor. We note that the number of terms is smaller than in the non-
relativistic case. This is related to the fact that without a conserved baryon current the number
of independent hydrodynamical variables is smaller. We also note that the numerical coefficient in
front of σµν(∇·u) is different. This is due to the difference between relativistic and non-relativistic
scale transformations. To second order accuracy the stress tensor is equivalent to the relaxation
equation
πµν = −ησµν − τR
[
〈Dπµν〉 +
4
3
πµν(∇ · u)
]
(50)
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+
λ1
η2
π
〈µ
λπ
ν〉λ − λ2
η
π
〈µ
λΩ
ν〉λ + λ3Ω
〈µ
λΩ
ν〉λ + κR
[
R〈µν〉 − 2uαuβRα〈µν〉β
]
,
where πµν = δΠµν is the dissipative contribution to the stress tensor.
5. Hydrodynamics as an effective field theory: Can hydrodynamics be formulated not only as an
effective theory, but as an effective field theory? The standard response is that this is not possible
[155], because dissipative effects cannot be described by a local lagrangian. There are, however, at
least a few situations in which hydrodynamics can be reformulated as an effective field theory. The
simplest case is the non-dissipative flow of a superfluid at zero temperature, see [156,157,158]. The
basic observation is that if one implements the full Galilean (or Lorentz) and gauge invariance of
the microscopic theory then the effective action of the Goldstone mode will necessarily contain the
non-linear terms needed to recover the equations of fluid mechanics. Consider the dilute Fermi gas
in the superfluid phase, see Sect. 2.1. The effective lagrangian for the Goldstone mode ϕ is
L = P (X) , X = µ− ∂0ϕ− (
~∇ϕ)2
2m
, (51)
where P (µ) is the pressure and µ is the chemical potential. The form of the variable X is determined
by U(1) and Galilean invariance, and the relation L = P (X) ensures that we obtain the correct
thermodynamic potential for constant fields X = µ. Note that equ. (51) is the leading term in a
low energy expansion where we treat ∇ϕ ∼ O(1) but ∇2ϕ ≪ ∇ϕ [158]. This expansion is useful
because it respects Galilean and U(1) symmetry exactly order by order in the low energy expansion,
and as a consequence it is equivalent to superfluid hydrodynamics.
Expanding equ. (51) in powers of (∂ϕ)/µ reproduces the conventional low energy expansion of
the effective field theory for the Goldstone mode. We find, in particular, that the velocity of the
Goldstone mode is the speed of sound,
L = f
2
2
[
(∂0ϕ)
2 − c2s(~∇ϕ)2 + . . .
]
, (52)
with f2 = (∂n)/(∂µ) and c2s = (∂P )/(∂ρ). Note that for the dilute Fermi gas at unitarity dimen-
sional analysis implies that P (µ) ∼ m3/2µ5/2.
We can write equ. (51) in terms of hydrodynamic variables by introducing the superfluid velocity
~vs = (~∇ϕ)/m. The equation of motion for the field ϕ leads to
∂0n¯+
1
m
~∇
(
n¯~∇ϕ
)
= 0, (53)
where we have defined n¯ = P ′(X). Equ. (53) is the continuity equation for the current ~ = n¯~us.
We can derive a second equation by using the identity dP = ndµ. We get
∂0~us +
1
2
~∇u2s = −
1
m
~∇µ. (54)
which is the Euler equation in a superfluid. We note that higher derivative corrections to equ. (51)
correspond to non-dissipative higher order terms in the equations of fluid dynamics. Next-to-leading
order (NLO) terms have been determined [159]. They lead to non-linearities in the dispersion law
for sound waves, and to corrections to the equation of hydrostatic equilibrium in small systems.
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A different situation in which the fluid dynamic expansion can be written as an effective field
theory is the systematic calculation of retarded correlation functions including noise and dissipation
[160,161,162,163,164]. We can write the effective action as a functional integral over the noise, the
hydrodynamic variables, and suitable Lagrange multipliers that enforce the linearized equations of
motion. This representation can be used to derive a set of Feynman rules for the retarded correlation
functions. The diagrammatic approach is particularly powerful as a method for computing non-
analytic terms in the correlation function induced by thermal fluctuations, see Fig. 5 and equ. (85).
More recent ideas about hydrodynamics and effective field theory can be found in [165,166,167].
1.2 Models of fluids: Kinetic theory
6. Conserved charges in kinetic theory: For completeness we give the complete definition of the
conserved charges in non-relativistic kinetic theory. We have
ρ (~x, t) =
∫
dΓpmfp (~x, t) (55)
~ρ(~x, t) =
∫
dΓpm~vfp (~x, t) , (56)
Πij (~x, t) =
∫
dΓp pivjfp (~x, t) + δij
(∫
dΓpEpfp (~x, t)− E (~x, t)
)
, (57)
where ~v = ~∇pEp and E is the energy density. Note that in equilibrium we view Ep and E as
functions of the thermodynamic variables, but in kinetic theory we must consider these quantities
as functionals of the distribution function fp. In a weakly interacting gas we have Ep = p
2/(2m)
and E = ∫ dΓpEpfp, but in general these relations are modified by interactions. The dependence
of E and Ep on fp is constrained by conservation laws. Momentum conservation requires [27,69]
Ep =
δE
δfp
, (58)
and the equality of the mass current ~ρ and the momentum density ~π implies that∫
dΓpm~v fp =
∫
dΓp ~p fp . (59)
These conditions are quite non-trivial to satisfy. Microscopic theories that are consistent with the
constraints are discussed in [27,69,168]. The condition given in equ. (58) also holds in relativistic
theories, see [169]. Another difficulty in constructing quasi-particle models of the thermodynamic
properties of the many-body system is to find an explicit expression for E [fp]. This problem can
be avoided by focusing on the enthalpy
E + P =
∫
dΓp
(
1
3
~v · ~p+ Ep
)
fp(~x, t) . (60)
The same observation applies to relativistic theories. In a relativistic fluid we can use E + P = sT
(for µ = 0) to construct a quasi-particle model for the entropy density.
7. Linearized collision operator: The relaxation of hydrodynamic variables near equilibrium is
determined by the linearized collision term. We write the distribution function as fp = f
0
p (1 +
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χp/T ) where f
0
p is the equilibrium distribution, see equ. (13). The linearized collision operator
corresponding to binary 2→ 2 is scattering is C[fp] ≡ (f0p/T )CL[χp] with
CL[χp1 ] = −
∫ ( 4∏
i=2
dΓi
)
w(1, 2; 3, 4)f0p2 [χp1 + χp2 − χp3 + χp4 ] . (61)
The transition rate w(1, 2; 3, 4) is given by
w(1, 2; 3, 4) = (2π)4δ3
(∑
i
~pi
)
δ
(∑
i
Ei
)
|M|2 , (62)
and M is the scattering amplitude. The scattering amplitude for low energy s-wave scattering is
given in equ. (29). We can define an inner product for distribution functions
〈χ|ψ〉 =
∫
dΓp f
0
pχpψp . (63)
Detailed balance and the symmetries of the transition rate imply that CL is a hermitean, negative
semi-definite operator. Zero eigenvalues of CL correspond to the conservation laws for particle
number, momentum, and energy, χ
(0)
i ∼ 1, ~p,Ep. In the space orthogonal to the zero modes CL
can be written as
CL = −
∑
i
|χi〉〈χi|
τi
. (64)
The BGK (or relaxation time) model is based on the assumption that that the collision term, or,
more accurately, its inverse, is dominated by the longest collision time,
CL ≃ −|χ0〉〈χ0|
τ0
≃ − 1
τ0
. (65)
Here, we also assume that CL acts on a distribution function that has a large component along χ0.
This is a reasonable approximation at late times.
Near the hydrodynamic limit the left hand side of the Boltzmann equation can be expanded in
derivatives of the hydrodynamic variables T, µ, ~u. This is known as the Chapman-Enskog expansion
[26]. The linearized Boltzmann equation is of the form
|X〉 = CL|ψ〉 , (66)
where the driving term X arises from the gradient expansion and ψp is the off-equilibrium distri-
bution induced by the external stress. Consider a distribution f0(T, µ, ~u) describing a pure shear
flow uy(x). We find (
∂
∂t
+ ~v · ~∇x + ~F · ~∇p
)
f0(T, µ, uy(x)) = −f
0
T
vxpy∇xuy , (67)
and X = vxpy∇xuy ≡ X0∇xuy. Using the definition of the stress tensor in kinetic theory, equ. (57),
we get
η = − 1
T
〈X0|ψ0〉 = 1
T
〈X0|(−C−1L )|X0〉 , (68)
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where we have defined ψ = ψ0∇xuy and used the linearized Boltzmann equation. This result
shows that the shear viscosity is positive. We can also establish a variational bound on η. The
Cauchy-Schwarz inequality implies
η ≥ 〈X0|ψvar 〉
2
〈ψvar |(−CL)|ψvar 〉 , (69)
which is valid for any variational distribution function |ψvar 〉. We note that this is not a fundamental
bound for η. Instead, equ. (69) provides a bound on η in the context of a given collision term and
quasi-particle dispersion relation. Similar bounds can be derived for other transport coefficients.
Finally, we note that in the BGK approximation the solution of the Boltzmann equation is given
by |ψ0〉 = −τ0|X0〉. Equation (68) then leads to the simple result η = τ0P . Using P = nT and
〈mv2〉 = 3T we can write this as η = 13nlmfp p¯. More systematic calculations of η are based on
expanding ψvar in a complete set of polynomials L
(k)(x),
ψvar (~p) = pxpy
N−1∑
k=0
ckL
(k)
(
p2
mT
)
. (70)
and truncate the expansion at order N . A convenient choice in non-relativistic kinetic theory is the
set of generalized Laguerre (Sonine) polynomials [170]. This expansion typically converges rapidly.
The result for η given in equ. (30) is based on using N = 1, but higher order corrections are known
to be quite small, on the order of 2% [171].
8. Knudsen expansion: The Chapman-Enskog method provides an expansion of δfp in the Knudsen
number Kn = lmfp/L. This expansion corresponds to the gradient expansion in hydrodynamics.
Schematically, δfp = δf
1
p τ0(∇u) + δf2p τ20 (∇2u) + . . ., where τ0 is the relaxation time and ∇u is
a shorthand for derivatives of the hydrodynamic variables. The first term, δf1p determines the
viscosity and thermal conductivity, the second term determines second order transport coefficients,
and so on. Each of these term has an expansion in powers of the density of the gas. In the case of
the shear viscosity
η = η0
[
1 + η1
(
nλ3dB
)
+ η2
(
nλ3dB
)2
+ . . .
]
, (71)
where n is the density and λdB is the de Broglie wave length. Note that η1 may contain terms
of order lmfp/λdB , but not terms of order lmfp/L. Higher order terms in the density arise from a
number of sources. The first is that the Boltzmann equation for the single particle distribution
arises from truncating a set of classical or quantum equations for N -body distribution functions
[170,27]. At leading order in the density the Boltzmann equation only contains two-body collisions,
but at higher order it also includes collisions between three and more particles. The second source
of corrections is the density expansion of the equation of state and the quasi-particle properties. In
the case of the equation of state, the resulting expression is the well known virial expansion.
It was found that the expansion in density breaks down at the level of four-body collisions, and
that resummation beyond effects already summed by the Boltzmann equation is required [172].
This leads to the appearance of terms that are logarithmic in the density, and to a breakdown of
the Knudsen expansion. The latter can be traced to hydrodynamic modes, and is equivalent to the
appearance of non-analytic terms in the gradient expansion.
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In relativistic theories nλ3dB ∼ 1 and the only expansion parameter is the coupling constant. The
structure of the perturbative expansion is not well understood. Only the heavy quark diffusion
constant has been determined beyond leading order in the coupling constant [173]. The shear
viscosity has been determined beyond leading logarithmic accuracy, i.e. the numerical coefficient
inside the logarithm of g was computed [97].
Finally, we note that it was recently argued that one can organize kinetic theory in terms of
separate power series expansion in Re−1 and Kn [174]. This corresponds to a situation where we
view the Israel-Stewart model (or similar relaxation schemes) not only as practical implementation
of second order hydrodynamics, but as resummed hydrodynamic theories that can be used in cases
where the inverse Reynolds number is not small.
1.3 Matching and Kubo relations
9. Linear response and general covariance: In order to study linear response we have to couple
the stress tensor Πij (or Πµν in the relativistic theory) to an external tensor field. From the
symmetries of the stress tensor it is clear that this tensor transforms like the metric. We can
therefore perform the analysis by considering fluid dynamics in a curved background. There is a
large amount of literature on relativistic fluid dynamics in curved space [175]. The method can
be extended to non-relativistic fluid dynamics using the formalism developed in [158]. Consider a
three-dimensional metric gij(t, ~x). A non-relativistic diffeomorphism is a time-dependent change of
coordinates xi → xi + ξi(~x, t) that transforms the metric as δgij = −gik∇jξk − gkj∇iξk.
The generally covariant Navier-Stokes equation is
1√
g
∂
∂t
(
√
gρui) +∇kΠki = 0 , (72)
where g = det(gij) and ∇k is the covariant derivative associated with the metric gij . The stress
tensor is Πij = Π
0
ij + δΠij , where Π
0
ij = ρuiuj +Pgij is the ideal fluid part, and δΠij is the viscous
correction. At one-derivative order we have δΠij = −ησij − ζgij〈σ〉 with [86]
σij = ∇iuj +∇jui + g˙ij − 2
3
gij〈σ〉 , (73)
〈σ〉 = ∇ · u+ g˙
2g
. (74)
The structure of the extra terms involving time derivatives of the metric is dictated by diffeomor-
phism invariance [20].
Consider a “pure shear” perturbation gij(~x, t) = δij + hij(~x, t) where the only non-vanishing
component of hij is hxy(z, t). From the linearized Euler equation we can see that this perturbation
does not induce a shift in the density, temperature, or velocity. This means that we can directly
read off δΠij from equ. (73) and (46). The induced stress determined the retarded correlation
function via the linear response relation
δΠij = −1
2
GijklR hkl . (75)
We find
GxyxyR (ω, k) = P − iηω + τRηω2 −
κR
2
k2 +O(ω3, ωk2) , (76)
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Figure 5: Diagrammatic representation of the leading contribution of thermal fluctuations to the
stress tensor correlation function. Solid lines labeled vT denote the transverse velocity correlator,
dominated by the shear pole, and wavy lines labeled vL denote the longitudinal velocity correlator,
governed by the sound pole and the diffusive heat mode.
which is the Kubo relation quoted in the text. The analogous result in the relativistic theory is
[38,19]
GxyxyR (ω, k) = P − iηω + τRηω2 −
κR
2
(
k2 − ω2)+O(ω3, ωk2) , (77)
The expansion in powers of ω and k maps onto the derivative expansion in hydrodynamics. We note,
however, that the two point function GxyxyR only describes higher derivative terms that are linear in
the hydrodynamic variables. There are a number of second order terms that encode non-linearities
in the relation between stress and strain, in particular the coefficients λ1,2,3 in equ. (46,49). Kubo
relations for these transport coefficients can be derived by considering higher order terms in the
response, which are related to retarded three point functions [176].
The idea of embedding the theory in curved space is also useful for computing the spectral
function in kinetic theory. The Boltzmann equation in a four-dimensional curved space is [177]
1
p0
(
pµ
∂
∂xµ
− Γiαβpαpβ
∂
∂pi
)
f(t, x, p) = C[f ] , (78)
where Γαµν is the Christoffel symbol associated with the four-dimensional covariant derivative ∇µ,
i, j, k are three-dimensional indices and µ, α, β are four-dimensional indices. In the non-relativistic
limit this equation reduces to(
∂
∂t
+
pk
m
∂
∂xk
− Γ
i
jkp
jpk
m
∂
∂pi
− gilg˙lkpk ∂
∂pi
)
f(t, x, p) = C[f ] . (79)
The term involving g˙ij carries the information about the leading response to a time dependent
shear strain. Using the BGK approximation to the collision operator gives the simple result for δfp
quoted in equ. (17). Together with the linear response relation (75) we obtain the spectral function
η(ω) = − 1
ω
ImGR(ω, 0) =
η(0)
1 + ω2τ20
, (80)
with η(0) = τ0nT . A more detailed calculation that takes into account the momentum dependence
can be found in [75], and a calculation using a T-matrix approximation can be found in [74]. A
study of the QCD shear spectral function in kinetic theory is presented in [178].
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10. Fluctuations and the “breakdown” of second order fluid dynamics: Non-analytic terms in the low
energy expansion can be found by computing the low frequency behavior of the retarded correlator
in fluid dynamics. In practice it is convenient to begin with the symmetrized correlation function
GxyxyS (ω,
~k) =
∫
d3x
∫
dt ei(ωt−
~k·~x)
〈
1
2
{Πxy(t, ~x),Πxy(0, 0)}
〉
, (81)
and use the fluctuation-dissipation theorem. In the limit ω → 0 we have
GS(ω,~k) ≃ −2T
ω
ImGR(ω,~k) . (82)
At leading order in the gradient expansion Πxy = ρuxuy. We expand the hydrodynamic variables
around their mean values, ρ = ρ0+δρ etc., and use the Gaussian approximation to write expectation
values of products of fluctuating fields as products of two point functions. The leading contribution
is
GxyxyS (ω, 0) = ρ
2
0
∫
dω′
2π
∫
d3k
(2π)3
[
∆xyS (ω
′, ~k)∆yxS (ω − ω′, ~k) + ∆xxS (ω′, ~k)∆yyS (ω − ω′, ~k)
]
. (83)
where ∆ijS is the symmetrized velocity correlation function
∆ijS (ω,
~k) =
∫
d3x
∫
dt ei(ωt−
~k·~x)
〈
1
2
{
ui(t, ~x), uj(0, 0)
}〉
. (84)
We can view equ. (83) as a one-loop diagram composed of two propagators of hydrodynamic modes,
see Fig. 5. Using the low frequency limit of the fluctuation-dissipation relation we can write the
one-loop contribution to the retarded correlation function as
GxyxyR (ω, 0) = ρ
2
0
∫
dω′
2π
∫
d3k
(2π)3
[
∆xyR (ω
′, ~k)∆yxS (ω − ω′, ~k) + ∆xyS (ω′, ~k)∆yxR (ω − ω′, ~k)
+ ∆xxR (ω
′, ~k)∆yyS (ω − ω′, ~k) + ∆xxS (ω′, ~k)∆yyR (ω − ω′, ~k)
]
. (85)
This result can be generalized. Retarded correlation functions of hydrodynamic variables have
diagrammatic expansions in terms of retarded and symmetrized correlation functions, see [160,152,
161, 162]. The velocity correlation function can be decomposed into longitudinal and transverse
parts
∆ijS,R(ω,
~k) =
(
δij − kˆikˆj
)
∆TS,R(ω,
~k) + kˆikˆj∆LS,R(ω,
~k) . (86)
The transverse part is purely diffusive. The symmetrized correlation function is given by [179]
∆TS (ω,
~k) =
2T
ρ
Dηk
2
ω2 + (Dηk2)
2 , (87)
∆TR(ω,
~k) =
1
ρ
−Dηk2
−iω +Dηk2 , (88)
where k = |~k| and Dη = η/ρ is the momentum diffusion constant. The longitudinal part describes
propagating sound modes and diffusive heat modes. The complete calculation of the one-loop
diagram is described in [22]. Here, we briefly outline the computation of the contribution due to
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shear modes. We use the propagators given in equ. (87,88) and perform the integral over ω′ by
contour integration. We get
GxyxyR (ω, 0)
∣∣
shear
= − 7T
30π2
∫
dk
k4
k2 − iω/(2Dη) . (89)
This integral is divergent in the UV. We regulate the divergence by introducing a momentum cutoff
ΛK . We then expand the retarded correlation function in the limit ω → 0. We find
GxyxyR (ω, 0)
∣∣
shear
= − 7
90π2
TΛ3K − iω
7TΛK
60π2Dη
+ (1 + i)ω3/2
7T
240πD
3/2
η
+O(ω5/2) . (90)
Including the contribution of sound modes changes the coefficient of the iω term to 17/120, and
the coefficient of the ω2/3 term to (7 + (32 )
3/2)/240. Comparing equ. (90) to the Kubo formula we
observe that the first term is a contribution to the pressure, the second renormalizes the viscosity,
and the the third is a non-analytic term not captured by the classical linear response formula.
Equation (90) has a number of interesting aspects. First, we note that the fluctuation contribution
to the shear viscosity scales inversely with the bare shear viscosity. This leads to the bound on
the shear viscosity discussed in the text, see equ. (27). The fluctuation contribution depends on
the cutoff. This is consistent with the idea that fluid dynamics is renormalizable in the effective
theory sense, because the dependence on ΛK can be absorbed into the cutoff dependence of the bare
viscosity. We also note that the non-analytic term is independent of the cutoff. This is important
because there are no bare parameters in the hydrodynamic description that could be used to absorb
the cutoff dependence of the ω3/2 term. Finally, we emphasize that the presence of a non-analytic
term does not imply a breakdown of hydrodynamics. It only implies that beyond the Navier-Stokes
order in three dimensions, and beyond ideal hydrodynamics in two dimensions, fluctuations have
to be included.
The structure of the retarded correlation function also implies a low energy theorem for the
spectral function. Taking into account both shear and sound modes we get
η(ω) = η(0)−√ω T 7 +
(
3
2
)3/2
240πD
3/2
η
. (91)
This prediction is reliable in the regime of validity of fluid dynamics, which implies ω ≪ nT/η. A
similar non-analytic structure also appears in the relativistic theory, see [21].
1.4 Models of fluids: Holography
11. Strong coupling results: The leading correction to the infinite coupling limit of η/s in N = 4
SUSY Yang Mills theory is [180,181,182,183]
η
s
=
1
4π
{
1 +
15ζ(3)
λ3/2
+ . . .
}
. (92)
where λ = g2Nc is the ’t Hooft coupling. We observe that the λ
−2/3 correction is positive, consistent
with the idea that η/s evolves smoothly from strong to weak coupling. At weak coupling η/s ∼
1/[λ2 log(λ)], see [184]. It is not clear how λ should be chosen in order to make predictions for the
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Figure 6: Viscosity spectral function in the large Nc limit of strongly coupled N = 4 SUSY Yang
Mills theory, computed using the AdS/CFT correspondence. The left panel shows η(ω)/s (blue)
and ηT=0(ω)/s (red) as a function of ω. The right panel shows the finite temperature contribution
[η(ω)− ηT=0(ω)]/s.
quark gluon plasma in the vicinity of Tc. For αSYM ∼ 0.3 and Nc = 3 we get λ ∼ 10 and the next
order term increases η/s by about 50%.
The AdS/CFT correspondence has been used to compute the second order hydrodynamic coef-
ficients defined in equ. (49). The result is [19, 51,185]
τR =
2− log 2
2πT
, λ1 =
η
2πT
, λ2 = −η log 2
πT
, λ3 = 0 , κR =
η
πT
, (93)
The coefficients τR and κR can be determined from the retarded two-point function, see equ. (101).
The remaining coefficients have been computed using the fluid-gravity correspondence [51], as well
as using the Kubo formula combined with the three-point function for the stress tensor in AdS/CFT
[185].
The relaxation time is very short, τR ∼ 1/T , but (τRT )/(η/s) is not very different from the result
in perturbative QCD, see equ. (134). The coefficient λ3 corresponds to the vorticity squared term
in the stress tensor. In kinetic theory this term does not appear because the second order terms are
induced by the first order stresses δΠµν ∼ σµν . As a result, we can get Dσµν , σµλσλν and σµλΩλν ,
but not ΩµλΩ
λ
ν . The sign of λ1 and λ2 can also be understood in kinetic theory [186]. In AdS/CFT
there is no obvious reason why λ1 > 0, λ2 < 0 and λ3 = 0.
N = 4 SUSY Yang Mills theory has a conserved gauge invariant density called R-charge. Son and
Starinets computed the shear viscosity and entropy density as a function of the R-charge chemical
potential µ. They find that both η and s depend on µ, but the ratio η/s does not [187]. They also
determine the thermal conductivity
κ =
8π2T
µ2
η . (94)
The scaling κ ∼ 1/µ2 is related to the definition of κ in the Landau frame and also appears in
kinetic theory. The diffusion constant of a heavy test quark in the SUSY Yang Mills plasma was
calculated in [58,59,60]. The result is
D =
2
πT
1√
λ
, (95)
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Figure 7: Schematic behavior of the viscosity spectral function in QCD (left panel) and a dilute
Fermi gas (right panel). In QCD we plot η(ω)/s as a function of ω. The relevant scales are
g4T (momentum relaxation) ≪ g2T (magnetic screening) ≪ gT (electric screening) ≪ T , where g is
the coupling constant. In the dilute Fermi gas η is normalized to the density n, and the momentum
relaxation scale zT ≪ T involve powers of the fugacity z.
which depends on the value of the coupling λ, and goes to zero in the strong coupling limit. The
functional dependence on λ is unusual from the point of view of perturbation theory, which would
suggest that D scales as 1/λ2, and that D is proportional to the momentum diffusion constant
η/(sT ).
N = 4 SUSY Yang Mills theory is scale invariant and the bulk viscosity of the SUSY plasma van-
ishes. Non-conformal generalizations of the AdS/CFT correspondence have been studied. Buchel
proposed that in holographic models there is a lower bound on the bulk viscosity, ζ ≥ 2(13 − c2s)η,
where cs is the speed of sound [188]. This is in contrast to the weak coupling result ζ ∼ (13 − c2s)2η
[175]. Gubser and collaborators considered a number of holographic models tuned to reproduce
the QCD equation of state, and find that ζ/s has a maximum near the critical temperature where
ζ/s ≃ 0.05 [189,190].
12. Spectral function and quasi-normal modes: The viscosity spectral function in the strong cou-
pling limit of N = 4 SUSY Yang Mills theory can be computed from the solution of wave equation
AdS5, see equ. (24). We have defined δg
y
x = φk(u)e
ikx−iωt. The infalling solution can be written as
φk(u) = (1− u)−iw/2Fk(u) (96)
where w = ω/(2πT ) and we have factored out the near horizon behavior. The function Fk(u) can
be determined as an expansion in w and k = k/(2πT ). At order O(w2, k2) the solution is [42]
Fk(u) = 1− iw
2
log
(
1 + u
2
)
+
w
2
8
{[
8− 8k
2
w2
+ log
(
1 + u
2
)]
log
(
1 + u
2
)
− 4Li2
(
1− u
2
)}
.
(97)
The wave equation can also be solved analytically in the limit of large w, k [43]. For k = 0 we get
φk(u) = πw
2 u√
1− u2
[
iJ2
(
2w
√
u
)− Y2 (2w√u)] . (98)
For intermediate values of w and k the wave equation can be solved numerically, for example by
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Figure 8: Numerical determination of the viscosity spectral function in QCD [31] (left panel) and
a dilute Fermi gas [35] (right panel). In the QCD case the plot shows ρ(ω)/[sinh(βω/2)T 4] with
ρ(ω) = ωη(ω). The method for determining the error band is explained in [31]. The intercept at
ω = 0 corresponds to the values of η/s quoted in Sect. 3. The spectral function η(ω) of the unitary
gas is normalized to the density n and computed at two different temperatures T = 0.16ǫF and
T = 0.3ǫF , where ǫF = k
2
F /(2m) with kF = (3π
2n)1/3 is the Fermi energy. See [35] for a discussion
of the error bands shown in gray. The insets shows the underlying imaginary time correlation
function.
starting from the near horizon behavior given in equ. (96) and integrating outwards towards the
boundary. The retarded correlation function is determined by the variation of the boundary action
with respect to the field. The relevant term in the action is
S = −π
2N2T 4
8
∫
du
∫
d4x
f(u)
u
(∂uφ)
2 + . . . . (99)
This is the quadratic part of the Einstein-Hilbert action, where we have used the AdS/CFT cor-
respondence to express Newton’s constant in terms of gauge theory parameters. The boundary
action can be derived by integrating by parts. The retarded Green function is given by the second
variational derivative with respect to the boundary value of the field [42,187],
GR(w, k) = −π
2N2T 4
4
[
f(u)∂uφk(u)
uφk(u)
]
u→0
. (100)
In the low frequency, low momentum limit [19]
GR(w, k) = −π
2N2T 4
4
[
−1
2
+ iw−w2 (1− log(2)) + k2
]
+ . . . . (101)
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Figure 9: Quasi-Normal modes of gravitational fluctuations around the AdS5 black hole solution,
from [191]. The left panel shows the correlator in the scalar channel GxyxyR (for
~k = kzˆ), and the
right panel shows GxzxzR . The plots show the location of poles in the complex w plane for k = 1.
Note that GxzxzR has a hydrodynamic pole at w ≃ −iγ¯k2 with γ¯ = 2πη/s.
Comparing to the Kubo relation (77) we obtain the relaxation time in equ. (93). The spectral
function η(ω) = −ω−1Im GR(ω, k=0) is shown in the left panel of Fig. 6. In the right panel we
show the finite temperature contribution η(ω) − ηT=0(ω), and in the left panel of Fig. 7 we show
the qualitative behavior of the spectral function in the weak coupling limit. The AdS/CFT result
has a number of interesting features:
1. The spectral function does not have a quasi-particle peak. The low energy limit η(0) = s/(4π)
is smoothly connected to the high energy limit η(ω) ∼ T 3.
2. The tail of the finite temperature part of the spectral function oscillates in sign. The result
is consistent with the sum rule given in equ. (36), and there is no fundamental requirement
that η(ω)− ηT=0(ω) has to be positive.
3. The curvature of the spectral function near the origin is positive. This is different from the
result in kinetic theory. Note that in kinetic theory the downward curvature is determined
by the viscous relaxation time τR. In particular, the decrease in η(ω) can be understood as
resulting from the lag between the strain σxy and the viscous stress δΠxy. However, in general
there is no direct relation between τR and the curvature of η(ω). The Kubo formula relates
τR to the ω
2 term in Re GR, whereas the curvature is determined by the ω
3 term in Im GR.
Whether these features are present in the QCD spectral function near Tc is unclear. The stress
tensor spectral function is not directly accessible in experiment, and the determination of η(ω)
on the lattice is difficult because of the finite resolution of the lattice and the need for analytic
continuation. The spectral function extracted in [31] is shown in the left panel of Fig. 8. There is
no quasi-particle peak, but the resolution is not very good, and the continuum is strongly modified
by cutoff effects.
We can also study the location of the poles of GR(ω) in the complex plane. Poles of the retarded
correlator that approach the origin as k → 0 are related to hydrodynamic modes, and poles that
remain at a finite distance from the origin determine corrections to hydrodynamic behavior. Near
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Figure 10: Quasi-Normal modes of gravitational fluctuations around the AdS5 black hole solution.
This figure shows the correlation function GzzzzR (for
~k = kzˆ). The plots show the location of poles
in the complex w plane for k = 1. The correlator has a hydrodynamic pole at w ≃ ±csk − iγ¯sk2
with γ¯s =
2
3 γ¯.
the boundary u = 0 the function φk(u) can be written as
φk(u) = A(ω, k)[1 + . . . ] + B(ω, k)[u2 + . . . ] . (102)
Equ. (100) implies that GR(ω, k) ∼ B(ω, k)/A(ω, k), and poles of GR(ω, k) correspond to zeros of
A(ω, k). In this case φk(u) satisfies a Dirichlet problem on the boundary, and infalling conditions
on the horizon. The corresponding frequencies ω are known as quasi-normal modes.
The quasi-normal mode spectrum of the AdS5 black hole was determined in [46, 192, 191]. We
show some of the results in Fig. 9 and 10. Poles of GxyxyR (ω, k) are shown in the left panel of Fig. 9.
We observe that quasi-normal modes occur in pairs. Asymptotically, the position of the poles in
the limit k = 0 is given by
w
±
n = (±0.607 − 0.389i) ± n(1∓ i) , (103)
for integer n [46]. The implies that the regime of validity of the hydrodynamic expansion is indeed
given by ω ∼< πT . The right panel of Fig. 9 and Fig. 10 also show the hydrodynamic modes
w ≃ −iγ¯k2 , w ≃ ±csk− iγ¯sk2 , (104)
with γ¯ = 2πη/s and γ¯s =
2
3 γ¯. The first mode is a diffusive shear mode, and the second is a
sound wave. The AdS/CFT correspondence can be used to follow the sound mode beyond the
hydrodynamic regime. For large k ≫ 1 the speed of sound goes to one, and sound attenuation is
small, see Fig. 11 [191].
1.5 Viscosity bounds
13. Dimensionless ratios: η/s or η/n? It is not immediately obvious which dimensionless ratio
we should consider in connection with possible bounds for the shear viscosity [7, 193]. The kinetic
theory argument establishes a possible bound for η/n, but the AdS/CFT correspondence and the
theory of hydrodynamic fluctuations establish limits on η/s. We cannot resolve this question here,
as none of the proposed bounds have been rigorously proven. We note, however, that the ratio
40 Fluid Dynamics and Viscosity
1 2 3 4 5
1
2
3
4
5
k
Rew
1 2 3 4 5
-0.8
-0.6
-0.4
-0.2
k
Imw
Figure 11: Real and imaginary parts of the sound wave frequency as a function of the sound wave
momentum in the strong coupling limit of N = 4 SUSY Yang Mills theory, computed using the
AdS/CFT correspondence. Light curves correspond to the hydrodynamic approximation for small
k. The dashed line is w = k. Note that in the regime where the imaginary part is large there is a
range of momenta for which ∂Re(w)/∂k > 1.
η/s is well defined for all fluids, whereas η/n can only be defined for fluids with a conserved
particle number. Even though η/s was initially introduced for relativistic fluids, it has a smooth
non-relativistic limit. Indeed, holographic dualities provide examples of non-relativistic fluids with
η/s = 1/(4π) [194,195].
If we accept the idea that the basic measure of fluidity is η/s, then we have to address the
possibility of driving η/s to zero by increasing the entropy per particle. This can be done, for
example, by considering a dilute gas composed of a large number of different species [6, 53, 196].
We first note that in practice it is quite difficult to reduce η/s in this way, because increasing s/n
by a factor ξ requires the number of species to grow by a factor eξ [197]. We also note that a dilute
gas composed of an exponentially large number of species is a very unusual fluid [198], as the time
to reach mechanical equilibrium via diffusion of momentum is much shorter than the time required
to reach thermal equilibrium. In particular, it takes an exponentially long time for the system to
reach the equilibrium entropy starting from a generic non-equilibrium state.
Despite these caveats there is no obstacle that prevents us from constructing a fluid with eξ
degrees of freedom in non-relativistic quantum mechanics. Whether these models can be embedded
in a relativistic field theory is not clear. An ingenious construction was suggested in [53], but the
proposed system is not stable on time scales required to observe the large mixing entropy [198].
2 Nonrelativistic fluids
2.1 The unitary Fermi gas
14. Transport properties of the dilute Fermi gas: In kinetic theory we can not only compute the
shear viscosity of the dilute Fermi gas at unitarity, but also other transport properties like the
thermal conductivity, the spin diffusion constant, and the bulk viscosity. Suitable ratios of these
quantities provide additional information on quasi-particle properties. The thermal conductivity is
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[199]
κ =
225
128
√
π
m1/2T 3/2 . (105)
The relative magnitude of thermal and momentum diffusion is characterized by the Prandtl number
Pr = cP η/(ρκ), where cP is the specific heat at constant pressure. The Prandtl number deter-
mines, for example, the relative importance of shear viscosity and thermal conductivity in sound
attenuation. In the high temperature limit we find Pr = 2/3, which is equal to the Prandtl ratio of
a weakly interacting gas. If the shear viscosity of the gas is known the thermal conductivity can be
extracted from the sound attenuation length. The speed of sound has been measured by a number
of groups [200], but the sound attenuation length has not been measured.
The spin diffusion constant is defined by Fick’s law,
~s = −Ds~∇M , (106)
where ~s is the spin current, and M = n↑ − n↓ is the polarization. A calculation of the diffusion
constant in kinetic theory gives [201]
Ds =
3
16
√
π
(mT )3/2
mn
. (107)
The spin diffusion constant decreases as the temperature is lowered. Near the critical temperature
Ds is expected to approach the universal value Ds ∼ ~/m, where we have reinstated Planck’s
constant. Quantum limited spin diffusion was observed experimentally in [202], see also [203]. The
experiment is based on observing the late time relaxation of two colliding clouds of spin up and down
fermions. It is interesting to compare the result Ds ∼ ~/m to the observed shear viscosity near Tc.
The momentum diffusion constant is Dη = η/(mn). In the vicinity of Tc we have η/s ≃ 0.5~/kB
and s/n ≃ kB . These numbers imply Dη ≃ 0.5~/m, and we conclude that the spin and momentum
diffusion constants are comparable. A similar correlation between the heavy quark and momentum
diffusion constants can be studied in the quark gluon plasma, see below.
The dilute Fermi gas at unitarity is scale invariant and the bulk viscosity vanishes [86]. The
leading contribution to the bulk viscosity near a =∞ can be computed systematically in the high
temperature limit. The result is [69]
ζ =
1
96π5/2
(mT )3/2
(zλdB
a
)2
, (108)
where z is the fugacity and λdB is the de Broglie wave length. This result is consistent with the
assumption that the bulk viscosity scales as the shear viscosity multiplied by the square of the
departure from scale invariance in the equation of state, ζ ∼ η(P − 23E)2.
The physical mechanism for generating bulk viscosity is somewhat subtle. Bulk viscosity can arise
in elastic two-body collisions provided the quasi-particle self energy has a momentum dependent
contribution that violates scale invariance. In this case the equilibrium distribution function is not
only a function of p2/(mT ). As the gas expands two-body collisions are needed to reestablish the
correct equilibrium distribution. Since the collisions rate is finite the resulting lag will lead to a
non-equilibrium contribution to the pressure and a non-zero bulk viscosity.
Second order transport coefficients are given by [204]
ητR =
η2
P
, λ1 =
15η2
14P
, λ2 = −η
2
P
, λ3 = 0 , (109)
42 Fluid Dynamics and Viscosity
where τR is the viscous relaxation time, and λ123 are the coefficients of non-linear terms defined
in equ. (46). The result for τR shows that the expansion parameter of the gradient expansion is
indeed ω/ωfl with ωfl = P/η. The expressions for the second order coefficients can be compared to
the analogous results for a quark gluon plasma, see equ. (134). We observe that, in units of η2/P ,
the results are very similar.
15. Spectral function: The schematic behavior of the shear viscosity spectral function in the high
temperature limit is shown in the right panel of Fig. 7. The low frequency behavior is obtained in
kinetic theory, see equ. (80). The high frequency behavior η(ω) ∼ 1/√ω was first determined, up
to an overall factor, using the high frequency behavior of the f-sum rule [76]. The correct prefactor
was computed in [74] based on a T-matrix approach.
A more general method for studying the high frequency behavior of spectral functions is based
on the operator product expansion (OPE) [205, 78] (see [101] for an OPE study of the viscosity
spectral function in QCD). The basic idea can be explained using the current correlation function
as an example. Indeed, since the transverse current correlator has a diffusive pole, it is possible to
extract η(ω) from the current correlation function. Consider the operator product
Aσσ
′
ij (ω, ~q) =
∫
dt
∫
d3r
∫
d3Rei(ωt−~q·~r) T
[
σi
(
~R+
~r
2
, t
)
σ
′
i′
(
~R− ~r
2
, 0
)]
, (110)
where σi = −i/(2m)ψ†σ
↔
∇ ψσ is the current operator and T is the time ordering symbol. The OPE
proceeds by expanding the operator product in a series of local operators [78],
Aσσ
′
ij (ω, ~q) =
∑
k,α
1
ω∆k/2−3/2
c
(k)
ijα
(
q2
2mω
,
a−1√
mω
)∫
d3RO(k)α (~R) (111)
where O(k)α is an operator labeled by k, and α is a set of indices that the operator may carry. ∆k
denotes the scaling dimension of the operator defined by O(k)α (λ~x, λ2t) = λ−∆kO(k)α (~x, t). Current
correlation functions are determined by taking thermal averages of equ. (111). This implies that
the frequency and momentum dependence is determined by the coefficient functions c
(k)
ijα, and the
density and temperature dependence is carried by the expectation values of the local operators
O(k)α . The simplest local operator is the density n(~x, t) with ∆n = 3. Other one-body operators
are the current i and the stress tensor πij = 1/(2m)ψ
†
σ
↔
∇i
↔
∇j ψσ.
Short range correlations are described by two-body operators. The simplest operator is the
contact density [77]
Cˆ = m2C20ψ†↑ψ†↓ψ↓ψ↑ . (112)
The contact density has scaling dimension ∆C = 4, which agrees with naive dimensional analysis.
The crucial observation is that C as defined in equ. (112) has UV finite matrix elements even though
C0 and ψ
†
↑ψ
†
↓ψ↓ψ↑ are divergent. This can be seen, for example, using the effective lagrangian give
in equ. (28). This lagrangian can be written in a partially bosonized form as
L = ψ†
(
i∂0 +
~∇2
2m
)
ψ +
[
ψ↑ψ↓Φ
† + h.c.
]
+
1
C0
(
ΦΦ†
)
. (113)
We note that the equation of motion for the bosonic field is Φ = −C0ψ↑ψ↓, so the contact density
is Cˆ = m2Φ†Φ. At zero chemical potential we can compute the propagator for Φ exactly, see for
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example [69]. We get
D(ω, ~q) =
4π
m3/2
i√
ω − q24m + iǫ
. (114)
The scaling dimension of C can be extracted from the Fourier transform of this result. We find
∆C = 4.
Having identified the relevant operators we can now study the OPE for the current correlation
function
Gij(ω, ~q) =
i
2
∑
σσ′
〈
Aσσ
′
ij (ω, ~q)
〉
. (115)
Using the equation of motion for the momentum density, ∂tπi = −∇jΠij , we can relate the shear
viscosity to the retarded transverse correlation function,
η(ω) = m2 lim
q→0
ω
q2
Im GT (ω, ~q) , (116)
where GT is defined as in equ. (86). The behavior of GT at large ω is determined by the lowest
dimension operator in the OPE. We note, however, that one-body operators like the density lead
to diagrams in which all the momentum flows through a single fermion line. This means that the
imaginary part is a delta-function. The tail of the spectral function is therefore dominated by the
lading two-body operator, which is the contact density. Using ∆C = 4 we get
η(ω) ∼ C√
mω
, (117)
where C = 〈Cˆ〉. The appearance of a non-analytic dependence on ω is interesting. The numerical
coefficient in equ. (117) is 1/(15π), see [74, 78]. The expectation value C is a non-perturbative
quantity that can be measured experimentally [206], or extracted from quantum Monte Carlo
calculations [207]. In the high temperature limit C can be computed using the virial expansion,
C = 4πn2λ2dB [208].
Knowledge of the large frequency behavior of η(ω) is important for quantum Monte Carlo studies
of the shear viscosity, and for identifying consistent many-body approaches to transport theory. It
is not clear how the large frequency behavior of η(ω) can be measured. However, the analogous
tail in the dynamic structure factor can be studied experimentally, see [209].
16. Nonrelativistic AdS/CFT correspondence: There have been a number of attempts to extend
the AdS/CFT correspondence to non-relativistic fluids. The idea proposed in [210,211] is to embed
a d+1 non-relativistic theory into a d+2 dimensional relativistic theory. Consider the Minkowski
metric in light cone coordinates (x+, x−, xi) with x± = (x0 ± xd+1)/√2 for i = 1, . . . , d. We have
ds2 = ηµνdx
µdxν = −2dx+dx− + dxidxi . (118)
The equation of motion of a massless scalar field is given by(
−2 ∂
∂x−
∂
∂x+
+
∂2
∂x2i
)
φ(x) = 0 . (119)
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We now compactify the theory on a light-like circle, φ(x−) = φ(x− +2π/m). The winding number
one mode is given by φ(x) ∼ e−imx−ψ(x+, xi) where ψ satisfies the Schro¨dinger equation(
i
∂
∂x+
+
~∇2
2m
)
ψ(x+, xi) = 0 . (120)
In terms of symmetries this construction shows that the non-relativistic conformal group in d + 1
dimensions, the Schro¨dinger group Sch(d) [212,213], can be embedded in SO(d+2, 2), the conformal
group in d+ 2 dimensions.
This idea can be applied to spaces that are asymptotically AdS. The specific proposal described
in [210, 211] is that the Schr(d) symmetry of a non-relativistic d + 1 dimensional conformal field
theory can be mapped onto the isometries of the d+ 3 dimensional metric
ds2 = r2
(−2dx+dx− − β2r2(dx+)2 + (dxi)2)+ dr2
r2
, (121)
which reduces to the metric of AdSd+3 in the limit β → 0. This metric can be obtained in type IIB
string theory starting from geometries of the form AdSd+3 × X , where X is a compact manifold
[195, 194, 214]. The construction can be extended to AdS Schwarzschild black holes. If we start
from AdS5 we obtain a strongly coupled 2 + 1 dimensional conformal field theory. This theory has
an unusual equation of state, P ∼ T 4/µ2 [194], but it can be shown that the fluid saturates the
KSS bound, η/s = 1/(4π) [195, 194]. The method of light-like compactifications can also be used
to establish a non-relativistic version of the fluid gravity correspondence [215]. The equations of
conformal fluid dynamics obtained in this way obey constraints that go beyond those that follow
from Galilean invariance and conformal symmetry alone [20], which suggest that the light cone
method is too restrictive.
A new idea for constructing non-relativistic holographic theories is based on Horava-Lifshitz
gravity, see [216, 217]. Another proposal is based on Vasiliev theory, a gravitational theory with
higher spin gauge fields [218]. These theories are very interesting, but it remains to be seen whether
they provide more realistic models of non-relativistic fluids. We should note that it may be difficult
to realize a holographic dual of the dilute Fermi gas at unitarity. One reason is that the unitary
gas does not have a smooth limit as the number of internal degrees of freedom is taken to infinity.
Unitary Fermi gases with three or more spin states are thermodynamically unstable because of the
existence of deeply bound three-body states, although it is possible to construct 1/N expansions for
thermodynamics observables based on a Sp(2N) invariant interaction [219,220]. Another reason is
that the unitary gas is just one member of a family of non-relativistic conformal field theories. For
example, one can construct conformal fluids with different thermodynamic and transport properties
by varying the mass ratio m↑/m↓ of the two spin states [221]. This means that the value of η/s at
unitarity is not completely fixed by the symmetries of the unitary gas.
2.2 Viscosity and flow
17. Nonrelativistic scaling flows: There are two types of experiments that have been used to
estimate the shear viscosity of an ultracold Fermi gas. The first is based on collective oscillations,
and the second studies the expansion after release from a harmonic trap. Both of these involve
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approximate scaling flows. Consider a time dependent density profile of the form
n(x, t) =
1
bx(t)by(t)bz(t)
F
(
x2
b2x(t)
+
y2
b2y(t)
+
λ2z2
b2z(t)
)
, (122)
where λ = ωz/ω⊥ is the trap deformation, F (x) is an arbitrary function and the scale parameters
bi(t) satisfy the initial condition bi(0) = 1. At t = 0 equ. (122) is consistent with hydrostatic
equilibrium, which requires that the density is only a function of the local chemical potential
µ(~x) = µ− V (~x).
For time dependent solutions this ansatz satisfies the continuity equation provided the velocity
field is given by ui(x, t) = αi(t)xi with αi = b˙i/bi. It is fairly straightforward to find solutions to
the equations of ideal hydrodynamics. In that case entropy is conserved and we only have to solve
the Euler equation, which can be written as a coupled set of differential equations for bi(t). In the
case of free expansion We find [80]
b¨i =
ω2i
(
∏
i bi)
2/3
1
bi
. (123)
In a strongly deformed trap the transverse and axial motion approximately decouple. For t ∼> ω−1⊥
the transverse scale parameter is b⊥ ∼
√
3/2ω⊥t. The cloud becomes spherical after a time of
order
√
2/3ω−1z , and then continues to expand in the transverse direction.
It is more difficult to find solutions to the equation of dissipative fluid dynamics. In the case of
collective oscillations we can, as a first approximation, ignore the increase in entropy. The increase
in entropy is due to viscous heating which converts the kinetic energy of the collective mode to
heat, and leads to a slow increase in the temperature and mean radius of the cloud. The change
in the mean radius does not directly back-react on the damping rate, which can be computed from
the viscous force in the Navier-Stokes equation. The result is equivalent to the calculation of the
damping rate from the rate of energy dissipation, see equ. (32).
In the case of an expanding system we cannot ignore the increase in entropy, because viscous
heating increases the thermal energy and therefore also the pressure of the cloud. Pressure drives
the expansion of the cloud, and viscous heating partially compensates for the effects of viscous
friction. Semi-analytical solutions to the hydrodynamic equations can be found if the viscosity
scales like the density of the system, η(x) = αnn(x), and the equation of state is that of a free gas,
P = nT . For a scaling solution to exist the force fi = (∇iP )/n must be linear in the coordinates.
We use the ansatz fi = aixi together with the velocity field ui = αixi introduced above. The
continuity equation requires αi = b˙i/bi. The Navier-Stokes equation and conservation of energy
give a set of coupled equations for the scale parameters ai and bi,
b¨⊥
b⊥
= a⊥ − 2βω⊥
b2⊥
(
b˙⊥
b⊥
− b˙x
bx
)
, (124)
b¨z
bz
= az +
4βλ2ω⊥
b2z
(
b˙⊥
b⊥
− b˙z
bz
)
, (125)
a˙⊥ = − 2
3
a⊥
(
5
b˙⊥
b⊥
+
b˙z
bz
)
+
8βω2⊥
3b⊥
(
b˙⊥
b⊥
− b˙z
bz
)2
, (126)
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Figure 12: This figure shows the matching between kinetic theory and Navier-Stokes hydrodynam-
ics. We show the evolution of the aspect ratio AR = Rz/R⊥, where Rz and R⊥ are the longitudinal
and transverse radii, as a function of time. The solid points are data taken at an initial energy
E/EF = 3.61 [81]. The solid line shows a solution of the Euler equation, the long dashed line is
a solution of the Navier-Stokes equation where the viscosity coefficient αn = 22.1 (η = αnn) was
adjusted to reproduce the data, and the short-dashed line is a solution to the Boltzmann equation
in the relaxation time approximation with τ = αn/T .
a˙z = − 2
3
az
(
4
b˙z
bz
+ 2
b˙⊥
b⊥
)
+
8βλ2ω2⊥
3b2z
(
b˙⊥
b⊥
− b˙z
bz
)2
, (127)
where β = αnNω⊥/E0 and E0 is the total (internal and potential) energy of the gas cloud. The
initial conditions are b⊥(0) = bz(0) = 1, b˙⊥(0) = b˙z(0) = 0 as before, and a⊥(0) = ω
2
⊥, az(0) = ω
2
z .
Terms proportional to β in eqns. (124,125) are linear in b˙i and correspond to viscous friction,
whereas dissipative terms in eqns. (126,127) are quadratic in b˙i and are related to viscous heating.
The effect of the viscous terms is to slow down the transverse expansion of the cloud. We find, in
particular, that the delay in the time at which the cloud becomes spherical is (∆t)/t ∼ β.
The scaling solution described by eqns. (124-127) was compared to numerical solutions in [222],
and it forms the basis of the experimental measurements presented in [81, 87, 140]. These experi-
ments address, in the order listed, the high temperature behavior of the shear viscosity, exact scale
invariance at unitarity, and the dependence of the shear viscosity on 1/a near the unitary limit.
18. Corona and ballistic limit: The regime of validity of the hydrodynamic expansion can be
established by computing the Knudsen number Kn = lmfp/L of the trapped atomic gas. Consider
a deformed trap containing N atoms. We use lmfp = 1/(nσ), where σ is a thermal average of the
cross section. We also take L to be the short axis of the cloud, and use the density at the center of
the cloud. We find
Kn =
3π1/2
4(3λN)1/3
(
T
TF
)2
, (128)
where TF is the Fermi temperature of the cloud. The Fermi temperature is defined by kBTF = ǫF ,
where ǫF = (3N)
1/3ω¯ with ω¯ = (ωzω
2
⊥)
1/3 is the Fermi energy of N non-interacting fermions in
a harmonic trap. For the conditions probed in experiments Kn ≪ 1 corresponds to T ∼< 5TF [8].
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In this regime the center of the cloud is hydrodynamic. Note that because of scale invariance any
dimensionless scale describing the gas is only a function of T/µ. For an ideal scaling expansion
T/µ is constant in a comoving fluid element. This means that the center of the cloud remains
hydrodynamic even as the gas is expanding.
In the dilute corona the cloud the mean free path is large and hydrodynamics is not applicable.
In this regime we can study the expansion of the cloud using kinetic theory and the Boltzmann
equation. In order to understand the connection to hydrodynamics we consider the case that the
whole cloud is in the kinetic regime. For simplicity we consider solutions of the Boltzmann equation
(12) with the BGK collision term given in equ. (14). We follow [223,224,225,226] and use a scaling
ansatz for the distribution function
f (~x,~v, t) = Γ(t)f0
(
~R(t), ~U (t)
)
, Ri =
xi
bi
, Ui =
vi − b˙ibixi
θ
1/2
i
, Γ =
∏
j
1
bjθ
1/2
j
, (129)
where bi, θi are functions of t and f0(r, v) is a solution of the Boltzmann equation in equilibrium. In
the present case f0 is a Maxwell-Boltzmann distribution at temperature T and chemical potential
µ = µ0 − V (x).
The scaling ansatz (129) breaks local thermal equilibrium only through the anisotropy of the
temperature parameters θi. The corresponding local equilibrium distribution fle can be found by
replacing θi → θ¯ = (
∑
i θi)/3. This distribution function is characterized by having the same mean
kinetic energy as the non-equilibrium distribution f .
We can obtain a differential equation for the parameters bi(t) and θi(t) by taking moments of
the Boltzmann equation. Integrating the Boltzmann equation over
∫
d3U d3RUjRj (no sum over
j) gives [224]
b¨j + ω
2
j bj − ω2j
θj
bj
= 0 . (130)
Note that the second term is due to the external potential and is not present if we consider free
expansion. Integrating over
∫
d3U d3RUjUj gives
θ˙j + 2
b˙j
bj
θj = − 1
τ0
(
θj − θ¯
)
. (131)
Moments of the Boltzmann equation weighted with RjRj do not provide additional constraints.
Together with the initial conditions bj(0) = θj(0) = 1 and b˙j(0) = 0 the two equations (130) and
(131) describe the evolution of an expanding cloud.
In the free streaming limit τ0 → ∞ equ. (130) provides an exact solution of the Boltzmann
equation. We get θi = 1/b
2
i and bi = (1 + ω
2
i t
2)1/2. In the opposite limit, τ0 → 0, we get θi = θ¯
with θ¯ = (
∏
i bi)
−2/3 and equ. (130) is equivalent to the Euler equation. Keeping leading order
corrections in 1/τ0 leads to a solution of the Navier-Stokes equation with ζ = 0 and η = nτ0Tle
[226], see Fig. 12. We have therefore obtained a kinetic model that interpolates between the
ballistic and Navier-Stokes limits. The shortcoming of the model is that we have assumed that τ0
is a constant which is independent of the density and temperature. From the matching condition
between τ0 and η we observe that this implies that the shear viscosity is proportional to density,
which is at variance with the expected behavior in the low density limit.
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Figure 13: Trap averaged shear viscosity to density ratio 〈αn〉. We show 〈αn〉 as a function
of T/T trapF , where T
trap
F = (3λN)
1/3ω⊥ is the Fermi temperature of the trap. We have chosen
N = 2 · 105 and λ = 0.045 as in [227]. The solid line shows the kinetic theory result, the dashed
line includes fluctuation corrections to the shear viscosity. The data are from [228], which is a
reanalysis of the results reported in [227].
It is possible to consider a more general behavior for τ0, for example by allowing τ0 to be a
functional of the distribution function. In order to obtain η ∼ const we have to assume that
1/τ ∼ ∫ d3v f(~x,~v, t) [226]. Matching quadratic moments of the Boltzmann equation to the Navier-
Stokes equation gives an effective density dependent shear viscosity η(x) = λ3n(x)/n¯, where n¯ is
the average density. The problem is that this solution does not automatically reduce to the free
streaming limit in the dilute part of the cloud.
19. Transient fluid dynamics and the kinetic limit: In the case of collective oscillations an improved
matching to kinetic theory can be obtained by considering transient hydrodynamics as in equ. (8).
For a system with harmonic time dependence the relaxation time equation is solved by δΠij =
−η(ω)σij with a frequency dependent shear viscosity η(ω) = η/(1 + iωτR). The trap integrated
shear viscosity is
〈η〉 =
∫
d3x
η(~x)
1 + ω2τR(~x)2
. (132)
Using τR(~x) = η(~x)/(n(~x)T ) we observe that the trap average is well defined even in the dilute
corona. In this regime the relaxation time is large, and the viscous stresses never reach the Navier-
Stokes value. We can now use the method described in Sect. 2.2 to compute the damping rate of
collective modes. For the transverse breathing mode the velocity profile is ~u ∼ (x, y, 0) and the
damping constant is given by
Γ =
〈αn〉
(3Nλ)1/3
ω⊥
(E0/[NǫF ])
. (133)
Here, E0 is the total (potential and internal) energy of the trapped gas, ǫF = (3Nλ)
1/3ω⊥ is the
Fermi energy of the trapped system, and 〈αn〉 = 〈η〉/N . A typical result is shown in Fig. 13.
The advantage of this formalism is that it reproduces the hydrodynamic and kinetic theory
results in certain limits. For a density dependent shear viscosity of the form η ∼ n it reduces, up
to corrections of second order in the gradient expansion, to the Navier-Stokes result. For η ∼ λ−3dB
Fluid Dynamics and Viscosity 49
the result reproduces, in the high temperature limit, the damping rate obtained from solutions of
the Boltzmann equation in the Knudsen limit [90].
An analysis of the collective mode data reported in [227] using this method can be found in [80].
For η ∼ λ−3dB ∼ (mT )3/2 we find that Γ ∼ T 3 at low temperature, and Γ ∼ 1/T at high temperature.
The fact that the damping rate decreases in the high temperature limit even though the viscosity
is growing is related to the increase in the relaxation time τR ≃ η/(nT ). As the relaxation time
grows the strain σij and the induced stress πij are increasingly out of phase, and the dissipated
energy is reduced. This implies that careful measurements of the damping rate in the regime
where the T 3 behavior starts to break down can be used to measure τR. A similar transition from
hydrodynamic to kinetic behavior is also seen in the dependence of Γ on the particle number. At
low temperature the damping rate scales as Γ ∼ N−1/3, and at high temperature the scaling law
changes to Γ ∼ N1/3.
3 Relativistic fluids
3.1 The quark gluon plasma
20. Transport properties of the QGP: Comparing the shear viscosity to other transport properties
of the quark gluon plasma provides additional information on the existence and properties of quasi-
particles, and on the mechanism for charge and momentum transport in the plasma. In the high
temperature limit the full set of transport coefficients has been computed in kinetic theory, and
there are exploratory measurements of shear and bulk viscosity, heavy quark diffusion as well as
electric conductivity on the lattice [34].
Weak coupling results for transport coefficients at second order in the hydrodynamic expansion
are given by [186]
ητR = (5 · · · 5.9) η
2
sT
, λ1 = (4.1 · · · 5.2) η
2
sT
, λ2 = −2ητR , λ3 = 0 , κR = 5s
8π2T
, (134)
where the numerical ranges correspond to the variation of the numerical coefficients with the
coupling constant. The coefficients τR and λi scale inversely with g and were determined using
kinetic theory [186]. The quantity κR, which governs the curvature term in the stress tensor is
independent of g, and was determined using the Kubo relation [101]. Kubo relations also show
that, in general, λ3 is not zero [176]. The results given in equ. (134) can be compared to the
AdS/CFT predictions in equ. (93), and to the non-relativistic results in equ. (109).
The bulk viscosity of the quark gluon plasma was calculated by Arnold, Dogan, and Moore [229].
The result is
ζ =
Aα2sT
3
log(µ∗/mD)
, (135)
where A = 0.443 and µ∗ = 7.14T in pure gauge QCD, and A = 0.657, µ∗ = 7.77T in QCD with
Nf = 3 light quark flavors. The dependence of ζ on αs can be understood from the simple estimate
ζ ∼ (E − 3P )2η with E − 3P ∼ α2s and η ∼ 1/α2s . The thermal conductivity of a quark gluon
plasma is a somewhat subtle quantity. At zero chemical potential one cannot distinguish between
energy and particle transport, and the thermal conductivity is not defined. In the limit of small
chemical potential, T ≫ µ, the relaxation time approximation gives κ ∼ T 4/(α2sµ2) [5]. This result
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appears to be singular in the limit µ→ 0, but the dissipative contribution to the energy and baryon
currents are finite. The behavior of η, ζ and κ in the limit µ≫ T is reviewed in [230].
The heavy quark diffusion constant is [231,232]
D =
36π
CF g4T
[
Nc
(
log
(
2T
mD
)
+ c
)
+
Nf
2
(
log
(
4T
mD
)
+ c
)]−1
, (136)
where CF = (N
2
c − 1)/(2Nc) and c = 0.5 − γE + ζ ′(2)/ζ(2). Comparing this result with the shear
viscosity given in equ. (35) we observe that heavy quark and momentum diffusion are related. In
the relevant range of coupling constants one finds DT ≃ 6(η/s) [232]. This relation provides a
test whether transport is dominated by quasi-particles, because in the strong coupling limit of the
AdS/CFT correspondence we find DT ≪ (η/s).
3.2 Flow, higher moments of flow, and viscosity
21. Scaling flows, from Bjorken to Gubser: The Bjorken flow discussed in Sect. 3.2 is an exact
solution of the Navier-Stokes solution with longitudinal boost invariance and no dependence on the
transverse coordinates. The Bjorken solution is most easily described using a set of coordinates
(τ, η, r, φ), where τ = (t2− z2)1/2 is proper time, η = (1/2) log[(t+ z)/(t− z)] is rapidity, and (r, φ)
are polar coordinates. The metric is
ds2 = −dτ2 + τ2dη2 + dr2 + r2dφ2 . (137)
Bjorken flow corresponds to a velocity field uµ = (1, 0, 0, 0). Energy density and pressure are
functions of τ only and scale invariance requires ǫ(τ) = P (τ)/3. In ideal fluid dynamics E(τ) ∼
1/τ4/3. If dissipation is included E(τ) is determined by equ. (38).
Gubser discovered a generalization of Bjorken flow that includes transverse expansion, and there-
fore serves as a much more realistic model of a heavy ion collision [233, 119]. The solution was
inspired by the fluid-gravity correspondence, but it can be described purely as a solution to the
relativistic Euler and Navier-Stokes equations for a scale invariant fluid. Scale invariance implies
that E = 3P and η = H0T 3. The velocity profile is
uµ = (cosh(κ), 0, sinh(κ), 0) , κ = arctanh
(
2q2τr
1 + q2τ2 + q2r2
)
, (138)
where q is a parameter. This solution has a hidden SO(3) symmetry that can be made manifest by
switching to another set of coordinates, see [233]. Consider first the ideal case. The energy density
can be written as
E = Eˆ(g)
τα
, α = 4 , g =
1− q2τ2 + q2r2
2qτ
. (139)
The solution of the Euler equation is Eˆ = Eˆ0/(1 + g2)4/3, which corresponds to
E = Eˆ0
τ4/3
(2q)8/3
[1 + 2q2(τ2 + r2) + q4(τ2 − r2)2]4/3
. (140)
Taking q → 0 with Eˆ0q8/3 constant we recover the Bjorken solution. As in the Bjorken case the
flow profile is not modified by dissipative effects. The evolution of the energy density is most easily
Fluid Dynamics and Viscosity 51
described in terms of Tˆ = Eˆ1/4. We get
Tˆ =
Tˆ0
(1 + g2)1/3
+
H0g
(1 + g2)1/2
[
1− (1 + g2)1/6 2F1
(
1
2
,
1
6
;
3
2
;−g2
)]
, (141)
where 2F1(α, β; γ; δ) is a hypergeometric function. Gubser also studied the evolution of small
fluctuations around this solution [119], see also [234,235,236,237]. He finds that modes with wave
number k are suppressed by
Pk = exp
(
−2
3
η
s
k2t
T
)
. (142)
The Glauber model gives an approximately flat spectrum of initial perturbations [238], so this
formula predicts that higher flow harmonics are exponentially damped. This is in rough agreement
with the data [239], although the details are more complicated. In particular, lower moments of
the initial energy deposition depend on the geometry and the initial state model, and there is some
amount of mode mixing in the hydrodynamic response [240,241,242].
Bjorken flow arises naturally in weak coupling approaches to thermalization [243,244]. In strong
coupling calculations, based on the collision of shock waves in AdS5, more complicated flow profiles
are obtained [245]. An interesting parameterization, termed “complex deformation of Bjorken
flow”, of these flow profiles was recently suggested in [246]. Consider cartesian coordinates (t, ~x)
and
uCµ =
1√
(t+ t3)2 − x23
(−(t+ t3), 0, 0, x3) ,
EC = E
C
0
[(t+ t3)2 − x23]2/3
, (143)
ΠCµν = ECuCµuCν +
EC
3
(
gµν + u
C
µu
C
ν
)
.
If t3 is a real parameter then this flow profile is just a time translation of the Bjorken solution.
However, if t3 is a complex parameter then we obtain something new. Note that Πµν ≡ ReΠCµν
satisfies the conservation laws, but uµ ≡ ReuCµ and E ≡ Re EC are not solutions of the Euler
equation, because they do not satisfy the constitutive equation. Nevertheless, for suitable choices
of the phases, in particular for arg t3 = π/2 and arg EC = π/3, interesting flow profiles are obtained.
These flows are Landau-like at early time, glasma-like (PL ≃ −E) near the light cone, and Bjorken-
like at late time and in the central rapidity slice.
22. From kinetics to hydrodynamics in relativistic heavy ion collisions: The transition from kinetic
theory to hydrodynamic behavior in relativistic heavy ion collisions has been studied by a number
of authors. Kolb et al. compared scaling relations in the ballistic and hydrodynamic limits to
the data at the SPS and RHIC [247]. They found clear indications for hydrodynamic behavior
at RHIC. The conditions for achieving the hydrodynamic limit in in a kinetic model of the quark
gluon plasma were studied by Molnar and Gyulassy [248]. They find that obtaining hydrodynamic
behavior in a model that includes elastic 2↔ 2 scattering only requires rather extreme assumptions
concerning the initial parton density or the parton cross section. More recently, it was shown that
the inclusion of 2 ↔ 3 processes leads to a more rapid approach to hydrodynamics [249, 250]. We
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Figure 14: Eccentricity scaled elliptic flow v2 plotted as a function of the charged hadron multiplicity
density dN/dy divided by the overlap area S for different collision energies, from [257]. The
left panel shows results from a hydrodynamic simulation for MC-Glauber initial conditions with
η/s = 0.08, and the right panel shows a calculation with MC-KLN initial conditions and η/s = 0.2.
should note, however, that the correct implementation of 2 ↔ 3 scattering is still being discussed
[251,252].
In the case of expanding Fermi gases we emphasized the need to find a transport model that
smoothly interpolates between hydrodynamics in the center of the cloud and free streaming in the
dilute corona. In the case of a heavy ion collision we would like to make contact with longitudinal
free streaming at early times, and with both longitudinal and transverse free streaming at late
times. This can be accomplished by using a kinetic framework in which the longitudinal and
transverse temperatures are allowed to differ [253,254]. Using moments of the Boltzmann equation
one can derive a set of fluid dynamic equations that involve additional, non-hydrodynamic, modes.
If the mean free path is short these modes relax quickly and one recovers the usual Navier-Stokes
equation. In the opposite limit the equations reproduce the free streaming limit.
A very different approach that has many of the same features is the lattice Boltzmann equation
(LBE) [255,256]. The LBE is a kinetic equation that acts on a very simple, discrete, velocity space.
The LBE provides a very robust and efficient implementation of the Navier-Stokes equation in the
limit of a short mean free path, and reduces to free streaming in the limit lmfp →∞.
23. Knudsen number scaling: In Sect. 3.2 we argued that the local expansion parameter for the
hydrodynamic gradient expansion in a heavy ion collision is given by η/(sτT ). In order to compare
experimental data from collisions at different beam energies, impact parameters, and nuclear mass
numbers it is also important to identify global variables that control the validity of hydrodynamics.
An important step in this direction was taken by Heiselberg and Levy, who studied elliptic flow in
the dilute limit [258]. The contribution from single elastic scattering events is
v2(p1,T ) =
δ
16S
dN
dy
v21,T
〈v212〉
〈v12,Tσtr 〉 , δ =
〈R2y −R2x〉
〈R2y +R2x〉
, (144)
where dN/dy is the multiplicity per unit of rapidity, S is the transverse overlap area, and v1,T is
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the transverse velocity. The symbol 〈.〉 denotes an average over the distribution of particle 2, and
v12 is the relative velocity of particles 1 and 2. We have also defined the transport cross section σtr ,
the cross section weighted by (1 − cos θ), where cos θ is the scattering angle. Finally, Rx and Ry
are the radii of the overlap region, and δ is the elliptic deformation. It is standard to characterize
the elliptic deformation not in terms of δ, but using the quantity ǫ2 defined by
ǫ2 =
〈y2 − x2〉
〈y2 + x2〉 , (145)
where the average is carried out using the energy density as a weight function. Based on equ. (144)
we predict
v2
ǫ2
∼ 1
S
dN
dy
〈σ〉 . (146)
Following the arguments in Sect. 1.2 we expect that the parameter (1/S)(dN/dy)〈σ〉 also appears
in fluid dynamics. This is indeed the case, as we can see using the following argument [259].
Consider a fireball of size R¯ ≃
√
R2x +R
2
y which is undergoing Bjorken expansion in the longitudinal
direction. The time scale for transverse expansion is τ = R¯/cs, and the density at this time is
n ∼ 1/(cτS)(dN/dy). This implies that the inverse Knudsen number is
1
Kn
=
R¯
lmfp
= R¯n〈σ〉 = cs
c
1
S
dN
dy
〈σ〉 . (147)
Knudsen number scaling of v2/ǫ2 was first studied by Voloshin and Poskanzer, see [260, 261]. The
results compiled in [261] demonstrate nice data collapse if different systems, centralities, and beam
energies are plotted as a function of (1/S)(dN/dy). The compilation also shows that v2/ǫ2 rises
almost linearly with (1/S)(dN/dy), and that the RHIC data at 200 GeV per nucleon saturate the
flow predicted by ideal hydrodynamics. A more recent analysis of data from the RHIC beam energy
scan and Pb+Pb collisions at the LHC is shown in Fig. 14 [257]. There is some uncertainty related
to different models for ǫ2, which is reflected in the difference between the left and right panels. The
main result is that there is data collapse, which is excellent for the Monte Carlo Glauber model,
and not quite as good in the case of the KLN model. We also observe some curvature in v2/ǫ2.
This means that there are viscous effects at high energy, and that there is no saturation of flow
even at the LHC.
An important assumption in Fig. 14 is that the effective cross section is not a function of the
collision parameters. At high temperature the quark gluon plasma is scale invariant and we expect
〈σ〉 ∼ s−2/3. Then
1
Kn
∼
(
cs
c
dN
dy
)1/3
, (148)
and the overlap area does not appear in the estimate for the Knudsen number. This makes a
significant difference when comparing pA and AA collisions, and there is some evidence that dN/dy
scaling is preferred by the data [262].
24. Sensitivity to the relaxation time: We have seen that an important consistency check for the
hydrodynamic description is to show that the dependence on second order coefficients, like the
relaxation time, is weak. On the other hand, we have also argued that second order hydrodynamics
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can be used to regularize instabilities and acausal behavior of the Navier-Stokes equation. How can
both of these statements be correct? In particular, if second order terms serve as regulators then
the τR → 0 limit cannot be smooth.
It is straightforward to compute the limiting speed of a shear wave in transient fluid dynamics
[13]
vmax = lim
q→∞
∂ω
∂q
=
[
η
(E + P )τR
]1/2
. (149)
We observe that vmax ≤ 1 is satisfied if (η/s) < (τRT ). For η/s ≪ 1 this implies that there is
indeed a large window for τRT in which both causality and the constraint from the validity of the
gradient expansion, τRT < 1, are satisfied. We also note that if acausal modes are excluded by
incorporating an explicit cutoff then the limit τR → 0 is smooth.
4 Frontiers
25. The role of the AdS/CFT correspondence: The successful hydrodynamic description of heavy
ion collisions outlined in Sect. 3.2 does not rely on the AdS/CFT correspondence. Indeed, as
we have emphasized, hydrodynamics is an effective theory of the long distance behavior of non-
equilibrium systems that does not depend on specific features of the underlying microscopic theory.
Nevertheless, the success of nearly perfect fluid dynamics in describing heavy ion collisions at RHIC
and the LHC is frequently mentioned as one of the principal success stories of string theory and
the AdS/CFT correspondence. This is indeed justified for several reasons:
1. The possibility of nearly perfect fluidity: The idea that η/s could be as small as 0.1 was first
discussed in the important work of Danielewicz and Gyulassy [5]. It should be noted, however,
that this work can be interpreted as showing that i) the applicability of hydrodynamics
in relativistic heavy ion collisions requires η/s ≪ 1, ii) a value of η/s this small requires
rather extreme assumptions about kinetic theory. It is then reasonable to conclude that these
assumptions are not likely to be realized in practice, and the focus in the years following the
publication of [5] shifted from dissipative fluid dynamics to parton cascades [263, 264] (see
[265, 266] for rare exceptions). Interest in nearly perfect fluid dynamics was revived because
of the experimental discoveries at RHIC, combined with the almost contemporaneous result
that the strongly coupled fluid described by AdS/CFT satisfies η/s = 1/(4π).
2. Second order conformal fluid dynamics: The general structure of the equations of relativistic
conformal fluid dynamics can be established purely based on symmetry arguments, but in
practice the equations were first found with the help of the AdS/CFT correspondence [19].
In principle the Israel-Stewart equations form a consistent subset of the most general second
order equations. However, in practice some studies employed truncations of the Israel-Stewart
equations that are not consistent with conformal symmetry [267]. The truncated equations
exhibit significant dependence on the relaxation time [268], which becomes much weaker
once the full Israel-Stewart equations are considered [269]. These differences could have
been resolved without AdS/CFT, but historically the holographic flows found by Heller and
Janik [270], and the subsequent matching to second hydrodynamics provided by Baier et
al. [19] played a central role in explaining the relation between different approaches. More
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recently, anomalous transport coefficients were discovered using the AdS/CFT correspondence
[146]. These transport coefficients can be understood based on the general properties of fluid
dynamics [147], but in the literature the presence of these terms had been missed.
3. Rapid hydrodynamization: The hydrodynamic description of elliptic flow in relativistic heavy
ion collisions requires a very short equilibration time τeq ∼ 1 fm/c. Equilibration can be
understood in kinetic theories based on 2→ 2 and 2→ 3 scattering, and equilibration times
are known to be further reduced by collective plasma effects. However, quantitative estimates
give τeq ∼> (2−3) fm/c, see for example [271]. On the other hand, fast equilibration is natural
in holographic theories [47]. In addition to that, AdS/CFT shows that the Navier-Stokes
description can be reliable even if non-equilibrium contributions to the pressure are large
[47,48], as is the case in the early stages of a heavy ion collision.
4. Absence of quasi-particles: AdS/CFT provides an explicit example of a fluid in which hydro-
dynamic behavior does not emerge from an underlying kinetic theory. While we still do not
know whether this is the correct picture for the quark gluon plasma produced at RHIC and
the LHC, the existence of an alternative to the quasi-particle paradigm has been very useful
for studying the role of various assumptions in analyzing the data.
Despite this impressive list we should emphasize that a lot of important work on relativistic fluid
dynamics has little or no relation to AdS/CFT. A variety of schemes for transient higher order
fluid dynamics were developed [272, 273, 174], and these schemes provided the tools to test the
sensitivity of the analysis of the RHIC data to poorly constrained high order transport coefficients,
see [134, 135, 274]. We note, in particular, that even those implementations of higher order fluid
dynamics that are based on the conformal, AdS/CFT inspired, second order equations make use
of the idea of transient fluid dynamics, see equ. (8). This approach emerges naturally in kinetic
theory, but it is not a systematic approximation to fluid dynamics in AdS/CFT.
26. Puzzles and challenges: As noted in Sect. 4 there are number of puzzles related to the hydro-
dynamic description of heavy ion collisions at RHIC and LHC.
1. Approximate beam energy independence of the charged particle elliptic flow v2(pT ): The
elliptic flow of charged particles has been measured over a large range of beam energies,
from the low end of the RHIC beam energy scan,
√
sNN = 7.7 GeV, to the current LHC
energy
√
sNN = 2.76 TeV [115,275,276]. In a given centrality class the results are essentially
beam energy independent. Within hydrodynamics this is somewhat surprising because many
variables, such as the lifetime of the system and η/s are obviously changing. The result may
be somewhat of an accident, because the v2 of identified particles, and the pT integrated v2
do show beam energy dependence.
2. Large photon elliptic flow: The photon v2(pT ) has been measured at RHIC and LHC [277,278],
and the result is comparable (within sizable errors) to the elliptic flow of light hadrons. This
is surprising, because photon emission is expected to be dominated by the early stages of the
quark gluon plasma evolution before a significant collective flow can develop [279].
3. Hydrodynamic flow in p+Pb collisions: Significant elliptic and triangular flow has been ob-
served in high multiplicity p+Pb collisions at the LHC [280,281,282]. A particularly striking
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discovery is the mass ordering of v2(pT ) [282], which is usually regarded as strong evidence
for collective expansion [105]. The result is surprising, because the proton nucleus collisions
have generally been regarded as a control experiment in which dissipative corrections are too
large for collective flow to develop. We should note, however, that the collective response
to initial state fluctuations in nucleus-nucleus collisions already indicates that the mean free
path is very short, and that hydrodynamic response can be seen on small scales. A simple
scaling analysis of hydrodynamic behavior in p+Pb collisions was recently presented in [262],
but we should note that initial state effects may well be important [283,284].
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